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ABSTRACT

Local-Mesh, Local—-Order, Adaptive Finite Element
Methods with A Posteriori Error Estimators
for Elliptic Partial Differential Equations
Alan Weiser

Yale University, 1981

The traditional err&r estimates for the fini;e element solution of
elliptic partial differential equations are a priori, and little
information is available from them about the actual error in a specific
approximation to the solution. Thus, in the traditional finite element
method, the chéice of discretization is left to the user, whé must base

his decision on experience with similar equationms.

In recent years, locally-computable a posteriori error estimators
have been developed, which apply to the actual errors committed by the
finite element method for a given discretization. These estimators lead
to algorithms in which the computer itself adaptively decides how and
when to generate discretizations. So far, for two-dimensional problems,
the computer—generated discretizations have tended to use either local

mesh refinement, or local order refinement, but not both.

In this thesis, we present a new class of local-mesh, local-order,

square finite elements which can easily accommodate computer—chosen




discretizations. We present several new locally—-computable a posteriori
error estimators which, under reasonable assumptions, asymptotically
yield upper bounds on the actual errors committed, and algorithms in
which the cbmputer uses the error estimators to adaptively produce
sequences of local-mesh, local-order discretizations. We present
theoretical and numerical results indicating the expected and actual

behavior of our methods.
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CHAPTER 1

Introduction

The traditional error estimates for the finite element solution of
elliptic partial differential equations are a priori, and little
information is available from them about the actual error in a specific
approximation to‘the solution., Thus, in the traditiomnal finite element
method, the choice of discretization is left to the user, who must base

his decision on experience with similar equations.

In recent years, locally-computable a posteriori error estimators
(e.g., Babutka and Rheinboldt [8]) have been developed, which apply to
the actual errors committed by the finite element method for a given
discretization. These estimators lead to algorithms in which the
computer itself adﬁptively decides how and when to generate discreti—
zations. So far, for two—dimensiondl problems, the computer—generated
discretizations have tended to use either local mesh refinement (e.g.,
Babu%ka and Rheinboldt [10], Bank and Sherman [13]), or local order

refinement (Babu$ka, Szabo, and Katz [11]), but not both.

In this thesis, we present a new class of local-mesh, local-order,




square finite elements which can easily accommodate computer—chosen
discretizations. We present several new locally-computable a posteriori
error estimators which, under reasonable assumptions, asymptotically
yield upper bounds on the actual errors committed, and algorithms in
which the computer uses the error estimators to adaptively produce
sequences of local-mesh, local-order discretizatioms. We present
theoretical and numerical results indicating the expected and actual

behavior of our methods.

We begin in Chapter 2 by conéidering bisection—-type local mesh
refinement with square elements. We present the class of ”l—irregula:"
meshes, a variant of a class of meshes suggested by Bank and
Sherman [14], such that any bisection-type locally-refined mesh ;an be
converted into a l-irregular mesh with no more than a constant times as
many elements, and the resulting finite element matrix (with bilinear
basis functions) has no more than a constant number of nonzeroes in any
row., Conversely, we show that there are simple bisection—type
locally-refined meshes with essentially dense finite element matrices.

We discuss simple data structures for handling l-irregular meshes.

In Chapter 3, we extend the finite element spaces considered in
Chapter 2 to include basis functions with locally-varying polynomial

orders.

In Chapter 4, we develop new a posteriori error estimators. Ve

present a new error estimator which has two main advantages over the




estimator presented in Babulka and Rheinboldt [8]:
1. Under reasonable assumptions, the new error estimator is

asymptotically an upper bound on the norm of the true error.

2. The new error estimator can be computed locally in each

element. (The error estimator in [8] must be computed over

more complicated local regionms.)
Under suitable assumptions, we show that, like the estimator in [8], the
new error estimator is no larger than a constant times the norm of the
actual error. We also present several cheaper error estimators, and
discuss their properties. Under suitable assumptions, Babu%ka and
Miller [4] have recently shown that the error estimator used in their
code (with piecewise bilinear basis functioms) converges to the norm of
the true error. We have not yet proven convergence for our error

estimators.

In Chapter 5, we develop several heuristic models of error behavior
which lead to adaptive refinement procedures (c¢f. Brandt [16], Babulka
and Rheinboldt [7]). Ve present the asymptotic expected error and wqu
behavior for three problem classes consisting of problems with:

1. smooth solutionms.
2. solutiéns with point singularities.
3. solutions with line singularities.
Except in the presence of line singularities, the expected error

converges to zero faster than inverse polynomially with respect to work.



In Chapter 6, we discuss some of the computational aspects of the
methods presented in Chapters 2-5. We consider efficient assembly of
the finite element system (cf. Eisenstat and Schultz [18], Weiser,
Eisenstat, and Schultz [31]), and efficient construction of the error
estimators. We present the asymptotic complexity of mested-dissection-
type Gaussian elimination for the three classes of problems considered
in Chapter 5. The operation counts and storage for the problems with
singularities are linear (optimal-order) in the number of elements N, in
contrast to the operation counts and storage for uniform meshes, which

are proportional to N3/2 and N log(N) respectively (e.g., George [231).

In Chapter 7, we present numerical results obtained using prototype
codes. We present the resulting error and error estimator behavior for
problems from the’three classes considered in Chapter 5. The error
estimators are usually accurate to within a factor of two. In soﬁe
cases, the error estimators appear to converge to the norm of the true

error as the mesh size decreases.

I am deeply grateful to my advisor, Professor Randolph E. Bank, for
suggesting the topic of this research and working closely with me on its
realization. I am honored to know him and to have worked with him. I
would like to thank my other advisors, Profe#sors Martin H, Schultz and
Stanley C. Eisenstat, for helping to guide my research, and for their

unfailing intelligence, integrity, and support.

Many other past and present members of the numerical analysis group
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order of appearance at Yale) Andy Sherman, John W. Lewis, Rati Chandra,
Rob Schreiber, Jack Perry, Dave Fyfe, Trond Steihaug, Craig Douglas,

Howie Elman, Ken Jackson, Tony Chan, John Kindle, and Benren Zhu.

I am grateful to hany other members—at—large in the numerical
‘analysis community. I am especially grateful to Professor Mary
F. Wheeler, for her encouragement and guidance when I was an
undergraduate, and Professor Ivo Babu¥ka, for his excellent and

influential work.

I am grateful to the Office of Naval Research (ONR Grant
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Energy (DOE Grant DE-AC02-77ET53053), the National Science Foundation

(Graduate Fellowship), and Yale University for their fimancial support.

Most of all, I am grateful to my family, and my loving wife Mary
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CHAPTER 2

Local mesh refinement

2.1 Introdection
In this chapter, we consider bisection—type local mesh refinement

with square elements. A sample mesh of this type is shown in Figure

2-1,

| |
| |
| |
| | EI
| —O—
| (I

v

© e e e s s e () s s s () v e e €D
O e s e e e s () e ® -.--cP —_——
[ Y USRS SN S —— 1

Figure 2-1: A bisection—type locally-refined mesh

This type of mesh refinement has been intensively investigated in

recent years, mainly by Babu$ka and Rheinboldt and their students



(e.g., [4]1). The data structures and computational algorithms required
to implement the finite element method with general meshes of this type
are fairly complicated (see Rheinboldt and Mesztenyi [25] and

Gannon [21]). Thus, Bank and Sherman [14] and Van Rosendale [30]
suggest using restricted classes of meshes which can be implemented with

much simpler data structures.

In Section 2.2, we present some standard terminology for dealing
with bisection—type local mesh refinement, and define the class of
"l-jrregular” meshes, a variant éf a class of meshes suggested by Bank
and Sherman [14]. In Section 2.3, we consider a variant of a mesh
refinement rule sngges;ed by Bank and Sherman whiéh can convert any
bisection-t&pe locally;refined mesh into a l-irregular mesh with no more
than a constant times as many elements, such that the resulting finite
element matrix (with bilinear basis functions) has no more than a
constant number of nonzeroes in any row. Conversely, in Section 2.4, we
show that there are simple bisection—type locally-refined meshes such
that the resulting finite element matrices are essentially dense; Ve
also consider alternative mesh refinement rules. In Section 2.5, we

present data structure details for handling l-irregular meshes.

2,2 Terminology
We now consider bisection—type local mesh refinement with square

elements, For simplicity, we take the domain to be the unit square,

Q := [0,11X[0,1] = {(x,y): 0<x<1, 0<y«(1},



with boundary 982. The square region E = [xE,xE+hE]X[yE,yE+hE] is called

an element. The elements
[xE: xE+hE/2] x [YE+hE/2 » YE+hE] » [xE+hE/2 » xE+hE] x [YE+hE/2 » YE'H'LE] 2

[xE.xE+hE/2] X [yE.yE+hE/2] , [xE+hE/2 .xE+hE] X [yE.yE+hE/2]

are called the sons of E, and E is called the father of its sons. A
mesh M is defined to be an unordered set of elements. An element in M

is called refined if its four sons are in M, and unrefined otherwise.

The class of bisection—type locally-refined meshes with square

elements, or admissible meshes (Babu%ka and Rheinboldt [8, 10]), is

recursively defined by the following two rules:

1. {Q} is an admissible mesh.

2. If a mesh M is an admissible mesh, and E is an unrefined
element in M, then the mesh {M, the sons of E} is an

admissible mesh.

The level L of E is defined to be the number of generations between

Q and E. Thus, in an admissible mesh on @, hE = (1/2)L. A neighbor of
E is defined to be another element at the same level as E that shares a

side with E.

A corner of an unrefined element is called a vertex. A vertex

which is a corner of each unrefined element it touches is called a



*
regular vertex. All other vertices are called irregular . The

irregularity index (Babulka and Rheinboldt [10]) of a mesh is defined to

be the maximum number of irregular vertices on a side of an unrefined
element. Ve call a mesh with irregularity index { k a k-irregular mesh.
A (regular) vertex on 82 is called a boundary vertex. All other

vertices are called interior.
In figures depicting meshes,

O denotes a regular vertex,
o denotes a vertex (regular or irregular),
. denotes an irregular vertex,

(v) at a vertex denotes function value.

For example, Figure 2-1 depicts an admissible 2-irregular mesh with 4
refined elements, 13 unrefined elements (one labelled E), 12 regular

boundary vertices, 5 regular interior vertices, and 6 irregular vertices

(one labelled V).

*
This is the name used by Babutka and Rheinboldt [10]. Bank and
Sherman [14] use the name "green vertex”. Gannon [21] uses the name

"inactive vertex".
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Let M be an admissible mesh. A function g is called piecewise

bilinear on M if, on any unrefined element E in M,

w

glx,y) = g(xE,yE) (xE+hE-x)(yE+hE-y) /

+

2
g(xE+hE,yE) (x—xE)(yE+hE—y) / hE

+

g(xE,yE+hE) (xE+hE—x)(y—yE) / h%

+

2
g(xE+hE.yE+hE) (x—xE)(y—yE) / hE .

Let the finite element space S (= S(M)) be the space of comtinuous

piecewise bilinear functions on M. Let the regular vertices for M be
ViseaasVy o Let BI(x,y) (= B(VI)(x,y)) be the function in S which

satisfies the Lagrange conditions

BI(Vf) = SIJ = 1 ifI=17

0 if I #17,

for J=1,...,N. BI is well-defined using induction on element level.
Moreover, {BI] is a basis for S, since each BI is in S, the BI's are
linearly independent, and each function in S is a linear combination of

the BI's.

The support of BI’ supp(BI), is defined to be the union of all
unrefined elements E such that BI is not identically zero in E. 1In
general, the support of BI may be non—convex or non-simply-connected.

Alternately, the standard temsor-product basis functionms {BI} may be
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defined for S, so that each supp(B(V)) is a rectangle. Most of the
considerations applying to {BI} also apply to {EI}. However, supp(B(V))
is always contained in supp(B(V)) (see Figure 2-2), and we know of no

computational advantage for {EI}. Thus, we restrict our attention to

(B).
(0)-(0)-——-(0) (0)-(0)-(0)——--(0)
| | | I |
(0)-(0) (1/2) I (0)(1/4)(1/2) |
I | I B |
(0)(1/2) (1)=—-=(0) (0) (1/2) (1) =———(0)
| | | | | |
| | | | | |
| | | | | |
(0) (0) (0) (0) (0) (0)

B(1/2,1/2) B(1/2,1/2)
Figure 2-2: Lagrange versus tensor—product basis functionmns

2.3 The 1-irregular rule and some of its consequences
Given an admissible mesh, we force possible additional refinement
by applying, as many times as possible, the following variant of a rule

of Bank and Sherman [14]:

refine any unrefined element with more than one (2.1)

irregular vertex on omne of its sides.

We call rule (2.1) the l-irregular rule. The l-irregular rule must

terminate, since it never increases the maximum element level in the
mesh. After the l-irregular rule terminates, the resulting mesh is

l-irregular. Conversely, if any refinement forced by the l-irregular
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rule is omitted, the resulting mesh is not l-irregular, Thus, the
resulting mesh has the fewest elements of any l-irregular mesh

containing the original mesh.

The resulting configurations (up to symmetry) of the support of
B(V) for interior V are depicted in Figure 2-3. Because of the
l-irregular rule, further refinement of an element in one of cases I-VI

produces another of cases I-VI, possibly at the next finer level,

Each unrefined element E in the support of B(V) satisfies either
A : V is a corner vertex of E,
or
B : V is not a corner vertex of E, but
V is a cormer vertex of the father of E, and

V is next to an irregular corner vertex of E.

Thus, it is simple to determine which basis functions are nonzero
in E. Figure 2-4 depicts a sample E in its father, f(E), and numbers
the 6 relevant vertices. BS and B4 are nonzero in E (Vz is regular
since f(E) is refined). B, (Bl) is nonzero in E if V2 is regular

(irregular). B5 (BG) is nonzero in E if Vs is regular (irregular).

There are exactly four basis functions nonzero in E. Since the
element stiffness matrices are small (4X4), and the mappings from local
to global basis functions are simple, the resulting finite element

system is straightforward to assemble.
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I
|
I
o
I
|
I

A
A

> w— e en—

o———Q———————0
| B I
0——=0===0
X7,

I Bl Al
(%)
A

- R

II :

[- Y SR W

o———V=————=—o
| Al

A
A

0———Q—=——==—0
| B |
o~=—=0
o~—=0
3
0——=0———————0

| Al

IV :

T
_ 1<
oM wlwm%u
==&
.
obel
|
l=l=]=]
R

Figure 2-3: Configurations of elements in supp(B(V))
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v O [+]
It | |
| | |
| | |
V- V: o
12 13 |
| E | |
| | |
V2 Vs Vs

Figure 2-4: f(E)
Furthermore, the basis functions are locally independent:

in each unrefined element E, . (2.2)

{BIIE : E in supp(BI)} are linearly independent,

where "E denotes restriction to element E. We can show that (2.2)

holds if and only if

no irregular vertex touches unrefined elements (2.3)

at three different levels.

For example, in the mesh shown in Figure 2-1, irregular vertex V touches
unrefined elements at levels 1, 2, and 3, and the restrictions to
element E of the five basis functions nonzero in E are linearly

dependent.

Let N(V) be the number of basis functions with support intersecting
supp(B(V)), where V is a regular vertex in a l-irregular mesh. N(V) is

the number of nonzeroes in the row of the finite element matrix




corresponding to B(V).
is 5, and the maximum possible N(V) is 13 (Figure 2-5).
interior vertices in a locally uniform mesh.

can be as small as 4.

uniform mesh.

0—+——0
I

. --——-v—-—-— .

I
0~—0-—0

N(V) =5

Figure 2-5: Minimum and maximum N(V) for interior vertices

Many refinement sequences arising in practice naturally yield

15

The minimum possible N(V) for an interior vertex

0——0Q——————0

o
0——-—"———‘
(I

0—— e =—V=— +=—0

~——0-—0

I

| 1|

0—————=0-—0
N(V) = 13

0-—0-——-—0
(. |
o—- |
[ I
0-+-V——+-—0C
o-o-- | |

0-0-—0-—0

N(V) =13

N(V) is 9 for
N(V) for boundary vertices

N(V) is 6 for boundary side vertices in a locally

l1-irregular meshes, so the l-irregular rule introduces no additional

refinement. We now show that, given an arbitrary admissible mesh, and

applying the l-irregular rule as many times as possible,

the number of elements forced to refine by the

l-irregular rule is no more than eight times the number

of refined elements in the original mesh.

(2.4)

Hence the number of basis functions introduced by the l-irregular rule

is no more than a constant times the number of original basis functions.

Suppose there are LMAX levels in the mesh.

Let
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o(L)

{original refined elements at level L},

R(L) {elements at level L refined by the l-irregular rule}.

It suffices to show that each element E in R(L) shares a cormer vertex
with at least one element F in O(L). We do this using induction from
L=LMAX back down to 0. There are clearly no elements in R(LMAX),
Supposé the statement holds for all levels with index greater than L.
Since E is in R(L), the l-irregular rule forces E to refine because G, a
neighbor of E, has a son, H, which is refined at level L+l, and shares a
side with E. If H is in O(L+l1), then G=F is in O(L), and (2.4) holds.
Otherwise, H is in R(L+1). By induction, there is an element I in
O(L+1) which shares a cormer vertex with H., Then the father F of I is
in O(L) and shares a corner vertex with E.(Fignre 2-6). So, (2.4) holds

*
in all cases.

o——=0=—= 000
[
o—F-—o~—F~—o0
(1 O I O S O B
o——=0~==0~——0~—"0
| 18l |
o——-G——0 E |
[ I
o= 0=~ (+]

Figure 2-6: H in R(L+1)

*
We do not know if (2.4) is sharp. The largest ratio of enforced

refinement to original refinement we have encountered is 5.75.
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In summary, given any admissible mesh, the l-irregular rule forces
additional refinement such that
the resulting l-irregular mesh has no more than a (2.5)
constant times the original number of basis functionms,
and
the resulting element stiffness matrices are of (2.6)
bounded size (4X4), and simple to assemble,
and
the number of nonzeroes in any row of the resulting (2.7)

finite element system is bounded independent of the mesh.

2.4 Alternative mesh refinement rules
In this section, we show that a refinement rule like the
1-irregular rule is needed for properties (2.6) and (2.7). We also

consider alternative mesh refinement rules.

Suppose, because of a sharp point singularity, that a mesh results
from refining only elements which contain the point P = (2/3,2/3).
Since

2/3=1-1/2 +1/4-1/8 +1/16 - . . . ,
the mesh is formed by successively refining the alternately upper right
or lower left son of the smallest refined‘element. If there are .
LMAX >> 1 levels in the mesﬁ, the active vertices are the ten boundary

vertices and the LMAX interior vertices

=S L (g 1=
Vo= (B , B ), B =) L (-1/2)", L~1,...,LMAX.

L
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Let element E be the smallest element containing P. For any VL , it can
be shown by induction on I that B(VL) is nonzero at the points (PI—I’PI)

and (P ) if and only if I > L. Setting I = LMAX, since

P11
(Pyyax-1-Prax) 2nd (P; yax* PIMax—1) are cormers of E, E must be in the
support of each B(VL). Thus, the element stiffmess matrix for E, and
the resulting finite element system, are essentially demse. Since the
mesh is 2-irregular, this example disproves the conjecture (Babu%ka and

Miller [4], page 17) that (2.7) holds for k—irregular meshes with k

bounded.

Assembly of the finite element sytem is fairly complicated (e.g.,
Gannon.IZIJ, Rheinboldt and Mesztenyi [25]). If Gaussian elimination is
used to solve the system, the solution time is asymptotically
proportional to LMAX?. By contrast, if the l-irregular rule is aéplied.
assembly is simple. If the vertices are ordered according to the
maximum levels of the elements in their supports, solution time is

asymptotically proportional to LMAX (see Sectiom 6.3).

In the previous example, (2.6) and (2.7) can be insured without
enforcing additional refinement, by using modified basis functions which
are identically zero in the element containing the singularity. Figure
2-8 depicts the modified basis function g(Vi). When there are two sharp
point singularities at |

P1 = (9716 + (2/3)/16, 10/16 + (2/3)/16)

and

P, = (9/16 + (2/3)/16, 13/16 + (2/3)/16),
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(=]

V, : regular
interior vertex

P ——— —— . ——— 0
—T—
i
l
O———— e e O e Q) ———O

)

Figure 2-7: Singularity at P = (2/3,2/3), LMAX = 4

~~
-

(-1) (0) (0)
| | -
I ; 0 } 0 : g(Vi) zero
(0)-(0)-(0)———(0)
I 1ol |
(.5)-(0)-(0) I
| | |

(1) (.5)-(0)—(-1)

~~
[ Yy L — N
St

N
~~
[ Y

[

~~

Figure 2-8: A modified basis function
however, the support of the basis function for V1 must asymptotically

intersect the supports of roughly half the basis functions in S, since



20

it can only be zero at one point along the line segment from (1/2,1/2)
to (1/2,1). Thus, with any rule for forming basis functioms, it may be
advantageous (purely from matrixz sparsity consideratioms) to force

additional refinement.

We briefly mention altermatives to the l-irregular rule. Another
rule which insures properties (2.5), (2.6), and (2.7) (when applied as

many times as possible) is:

refine all unrefined side— and corner— neighbors of any (2.8)

element which has grandsons (sons of a son).

Rule (2.8) is equivalent to a condition in Van Rosendale [30], page 59.
With this rule, only cases I-V in Figure 2-3 are possible, and (2.5),

(2.6), and (2.7) hold for both {BI} and {BI}. However, rule (2.8) may
force more additional refinement, and hence require more work, than the

l1-irregular rule, and is no easier to implement.

Conversely, any rule which may force less additional refinement
than the l-irregular rule does so only when neighboring elements with

size ratios at least 4:1 occur. For example, if we apply the rule

if an irregular vertex touches unrefined elements at three (2.9)

different levels, refine the element at the middle level,

as many times as possible (refining elements with lowest level first),

the resulting mesh will satisfy (2.6), and may have fewer elements than
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the resulting l-irregular mesh. Unfortunately, (2.5) and (2.7) may not
hold: for a problem with a sharp point singularity at (1/2+e,1/2+¢), as
¢ approaches zero, the number of nonzeroes in the row of the finite

element system for B(1/2,1/2) may be arbitrarily large.

Figure 2-9 depicts the results of applying the l-irregular rule,

rule (2.8), and rule (2.9) to the mesh in Figure 2-7.

2.5 A mesh data structure

The data structure we use to represent l-irregular meshes is a
variant of a data structure presented in Bank and Sherman [14]. The
data structure has two main components: a refined-element tree IRCT,
stored in a 4XNIRCT array, and a vertex list IVERT, stored in a 2XNIVERT
array. For each refined element E, there is a 4X4 node in IRCT
containing pointers to the father of E, to any of the fourAsons of E
which are refined, and to the nine vertices which are corners of the
sons of E. For each interior vertex V which bisects an element side,
there is a 2X1 node in IVERT containing pointers to the elements with
sides bisected by V. Other types of vertices have ofher information
stored in IVERT. Figure 2-10 depicts a sample refined element E, its

node in IRCT, and a sample node in IVERT.

The neighbors of any element can be easily found. For instance, in
Figure 2-10. the pointer location for the bottom neighbor of S1 is in
the node for E, while the pointer location for the right neighbor of S1

is in the node for the right neighbor E' of E. The node for E' (if it
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Figure 2-9: LMAX = 4:



23

KLY
VeV, = = = = =
1° 5o 108, I | Lovg ITovy 1w, 1oy |
e R - IR L R |-—2--|
| S, | S, I | | W, | ¥, | W, | LA |
Vg—=-VWg——=-V, - - - - - | | | | |
I sy | s, | s, | s; |
element E, with sons So,...,83 node for E in IRCT
| E | | E |
——— I
[ E' | | awl1 |
node for W, in IVERT node for W, in IVERT
E' refined , E’' not refined

Figure 2-10: Nodes in IRCT and IVERT

exists) is pointed to in the node for W1 in IVERT.

Moreover, suppose the entire mesh is rotated 90, 180, or 270
degrees. Then IVERT and the top row of IRCT remain the same, and the
last three rows of each node in IRCT are rotated. For example, if the

mesh is rotated 90 degrees counterclockwise, the node for E becomes

ls® I - | - | ¢ |
PR
v Vv s \
e e
W Ui L} Lj
Isllszl s3lsol.

Thus, the neighbors of any son of E can be found with the same procedure
used to find the neighbors of S1 » as long as indices into the last

three rows of IRCT are incremented by the appropriate value mod 4.
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This mesh data structure makes it relatively easy to construct the
finite element system for S, to evaluate the approximate solution, and
to refine the mesh., More data structure considerations are in Bank and

Sherman [14].



CHAPTER 3

Local order refinement

3.1 Introduction

Traditional finite element methods for elliptic problems employ
finite element spaces with low-order (e.g., bilinear) basis functionms.
These spaces are appropriate when the solutions to the elliptic problems
are not smooth. When the solutions are smooth, standard approximation
theory indicates that high—order piecewise polynomial basis functions
can yield much faster convergence. Thus, it is advantageous to be able

to use both low—order and high—order basis functionms.

Local-order finite element spaces have received recent attention by
Babulka, Katz, and Szabo [3, 11, 12] and Babulka and Dorr [2]. Full

local-order, local-mesh methods in more than one dimension have not yet

been considered.

In this chapter, we extend the finite element spaces with
l-irregular meshes considered in Chapter 2 to include basis functiomns
with locally—varying polynomial orders. In Section 3.2, we consider the

C0 case, and in Section 3.3, we briefly consider spaces of smoother

25
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functions. In Section 3.4, we present simple data structures for the

spaces considered.

3.2 The Lagrange case
Let M be a given l-irregular mesh. In this section, we comstruct a
space S (= S(M)) of C0 piecewise polynomials such that, in each

unrefined element E in M,
smooth functions are locally approximated to order kE 2 2. (3.1)
Our local order refinement follows the basic approach of

Taylor [29] and Babu%ka, Katz, and Szabo [3]. On [0,1], let the

polynomials {pi(x): i=1,...,kmax} satisfy

pl(x) = 1-x,

Pz(x) X,

and for i > 2,

pi(x) is a polynomial of order exactly i,

pi(O) = pi(l) = 0.

Since {pl,...,pk] is a basis for the polynomials of order k > 1, the P,

are called (Co) hierarchic polynomials.

On element E, pf(x) and pﬁ(y) are defined by mapping [0,1] onto

[xE,xE+hE] and [yE.yE+hE]:
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j E e= i - -J
D pi(x) =D pi((x xE)/hE) hE ’
and
j E v= i -J
D pm(y) :=D pm((y—yE)/hE) hE ,
j=0,...,kmax-1.

Let ;i(t) be the Legendre polynomial on [0,1] of order i. Since

pl(t) =1, and

1 - = _ . .
fopipj-o. i#j,

a convenient choice for {pi} is
— x - - ° ‘
py(x) = [y p, () de, i22. (3.2)

Ve define S to be the span of three types of basis functions

{BI(x,y)}: vertex, side, and element.

‘The yvertex basis functions are the piecewise bilinear basis

functions from Chapter 2, with BI(Vj) = SIJ for all regular vertices Vj.

The side basis functions are products of piecewise linear functions
in one direction with quadratic or bigher—order hierarchic polynomials
in the other direction. Each side s ofran unrefined element, not
strictly contained in a side of another unrefined element, has side

basis functions with hierarchic polynomials of order up to
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(3.3)

ks = max{kE : s contains a side of unrefined element E}.

A basis function for side s in Figure 3-1 is h(x)p?(y).

Figure 3-1: A side basis function

The element basis functions for an unrefined element E are the

- . Fl 2: % .

Element basis functions for E are nonzero only in E, and only occur when
kE 2 5.

Since phe mesh is l-irregular, each basis function BI for S is of
the form p?x(x) piy(y) in each unrefined element E, where Ex is either E
or f(E), and Ey is either E or f(E). Moreover, (3.3) and (3.4) imply
that in each element E, any monomial xiym with i+m1 £ kE is a linear

combination of restrictions to E of basis functions,.so (3.1) holds.
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Figure 3-2 depicts the values of the basis functions in an element
in a sample local-order finite element. Note that many of the basis

functions are of order greater than kE = 3.

3.3 The Hermite case

The construction in the last section extends immediately to spaces
of globally Ca'—1 functions for any integer @ > 1. The hierarchic
polynomials satisfy Hermite interpolation conditions on their first a
derivatives at 0 and 1, so kE 2 2a. Vertex, side, and element basis

functions are defined as in the C0 case. There are
a2 vertex basis functions for each regular vertex,

(kE~4a)(kE—4a+1)/2 element basis functions for element E
(none if kg £ 4a),
and

Eigl (ks—2a+1-i) side basis functions for side s,
and condition (3.1) holds as before.

3.4 A mesh data structure for local order refinement
In this section, we extend the mesh data structure from Section 2.5

to handle local-order finite element spaces.

For each unrefined element E, we store —kE in IRCT, in the location
in the node for f(E) which will contain a pointer to the node for E if E

is refined.
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Figure 3-2: Local-order basis functioms

Let the function MBV map the basis

functions for S to the regular
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vertices in the mesh, such that

1. MBV maps each vertex basis function to its vertex.

2. MBV maps each side basis function for side s to the

last-created regular vertex at an end of s.

3. MBV maps each element basis function for element E to the
center vertex of f(E).

A sample mesh indicating MBV is shown in Figure 3-3.

(;}}—s-—-v;-—s~4}y - S 1Q?l 'V : vertex basis functions
T 4T |
? E ? "E : = S : side basis functions
V4——8=——V=—8-—1S E S E : element basis functions
| | | |
s| E s | | _
1A | | | C): basis functions mapped
V. ~—S———V%—-S—-7 S Y to vertex V
|
st E s E |l |
| | |
V4——§=——V——§~—18§ E S
| | ] |
s E s E |l |
\ 1 Al |
e e e e e \J

Figure 3—-3: Basis functions mapped to vertices

We order the vertices and basis functions for S so that the basis

functions mapped by MBV to vertex VIv are

Byve(rv) * BuvB(rw)+1 * *** * BuvB(Iv+1)-1 °
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and we associate a number IBFT(IBF) with each basis function BIBF ,
encoding the spatial relation to the vertex MBV(BIBF) (e.g., left, lower

right, etc.).

With the data structure from Section 2.5, end two additional arrays
containing MVB and IBFT, we can easily determine the basis functions

which are nonzero in a given unrefined element.

As in Chapter 2, this mesh data structure makes it relatively easy
to construct the finite element system for S, to evaluate the

approximate solution, and to refine the mesh.



CHAPTER 4

A posteriori error estimators

4.1 Introduction

The traditional error estimates for the finite element method for
elliptic problems are a priori (e.g., Ciarlet [17]), predicting the
eipected rate of convergence of the error to zero, but not saying much

about the actual error for a given finite element space.

In recent years, locally-computable a posteriori error estimators
have been developed, mainly by Babu%ka and Rheinboldt, which estimate
the actual error for a given space. The landmark paper in this area is
by BabuSka and Rheinboldt [8], giving a method of constructing a
locally-computable error estimator which is within a multiplicative
constant of the norm of the actual error. Further results for
one—dimensional problems are given Sy Babu¥ka and Rheinboldt [6, 7, 5]
and Reinhardt [24]. Further results for two—dimensional problems are
given by Babu¥ka and Miller [4]: ﬁnder suitable assumptions, they prove
that the error estimator used in their code (with piecewise bilinear
basis functions) converges to the norm of the actual error as the mesh

size goes to zero,

33
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In Section 4.2, we present some terminology for discussing
a posteriori error estimators for two—dimensional Neumann problems. In
Section 4.3, we briefly describe the error estimator presented in [8].
In Section 4.4, we presenf a new error estimator which has two main
advantages over the estimator in [8]:
1. Under reasonable assumptions, the ﬁew error estimator is

asymptotically an upper bound on the norm of the true error.

2. The new error estimator can be computed locally in each
element. (The one in [8] must be computed over more
complicated local regionms.)

In Section 4.5, we prove the upper—bound property of the new error
estimator, and, under suitable assumptions, we show that the new error
_estimator is no larger than a multiplicative constant times the norm of

the actual error. In Section 4.6, we present several cheaper
alternative error estimators. In Section 4.7, we extend the estimators
to handle more general boundary conditions and differential operators.

In section 4.8, we summarize the results in this chapter.

In Chapter 7, we present numerical evidence that, in some cases,
our error estimators converge to the norm of the actual error as the
mesh size goes to zero. We have not been able to prove this
convergence. Currently, we can only prove convergence for our error

estimators for one—dimensional problems [15].



35

4.2 Terminology

Consider the model Neumann problem

Lun := - Dx(a(x,y)Dxu) - Dy(a(x.y)Dyu) + b(x,y)u = £(x,y) (4.1)
in the interior of @,

du/dn = 0 on 92,

where Dx , Dy » and 3/8n denote derivatives im x, y, and the outward
normal to @ respectively, a(x,y) and b(x,y) are in L (), f(x,y) is in
LZ(Q), 0<agalx,y) {a, and 0 ¢ b < b(x,y) { b. Variants of (4.1)

- -

are discussed in Sectiomn 4.7.

Let w be an open subset of @ with piecewise smooth boundary du.
For a non-negative integer k, and a function v in C (w), we define the

norm
2 _%\ k 2 i in i-j 2
Ilvllk,m : E i=0 2 j=0 f£ (D, D vix,y))“ dx dy.

Let Hk(m) denote the completion of () with respect to the norm

“'”k © * Hk(w) is equivalent to
(v in L2(0) : llvll, < =)
‘ k,0 ’

if derivatives are defined in the distributional sense (e.g.,
Ciarlet [17], page 114). Let Hg(w) denote the completion of the
functions in Cw(w) with compact support in o with respect to the norm

||'||k © When k is omitted, kK = 0 is assumed. For v,w in Ho(m)
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(= 2(0)), let
(v.w)m 1= f£ vix,y) w(x,y) dx dy.
For v,w in Hl(w), let
aw(v,w) 1= (éva,wa)w + (aDyv,Dyw)w + (bv.w)w .

If o is the interior of 2, am(u,v) is obtained by multiplying (4.1) by a
function v, and integrating over ®w using Green’s theorem. Let the
energy norm Illvllli := a (v,v). By the assumptions on a(x,y) and

b(x,y), there exists C ) 0* independent of v, such that

vl < HIvl, celivlly (4.2)
for all v in Hl(w).

On the boundary 8w, for v and w in Lz(aw). let

VoW = gm v(e) w(o) do,

where do is arcylength. We define the norm

*
C denotes a generic constant, not necessarily the same in each

instance.
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2
lvlam = (v,v)aw .

Let 8/0n denote differentiation in the direction of the outward normal

to v, with the limit in the differentiation taken over points inside o.

For brevity, we sometimes replace w by its closure in names for
spaces, norms, and inner products: for example, vl
Hvll

products, ©w = interior(Q) is assumed.

k.E stands for

k, interior(E) ° Vhen the subscript o is omitted in norms and inner

Given a l-irregular mesh M with unrefined elements {E}, we choose a
finite element subspace S (= S(M)) of Hl(n) as in Chapters 2 and 3. For
simplicity, we assume S is based on CO hierarchic polynomials, as in
Section 3.2. We also choose a larger finite element space S (= S(M))
containing S, constructed in the same manner as S, such that in each

unrefined element E,

smooth functions are locally approximated to order EE > kE .

Since S contains S, and the basis functioms {BI} are hierarchic, the

basis

{BI : BI in S}

for S contains the basis

{BI : BI in S}
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for S. For each unrefined element E, we define §E to be the space with

basis functions

8. |

g ¢ E in supp(BI)a BI in S},

where {BIIE : E in snpp(BI)} are linearly independent because of (2.2),

(3.3), and (3.4), and we define SE to be the space with basis functions
{BI'E : E in snpp(BI), By in S}.
Ve define EE_SE to be the span of the functioms
{BIIE : E in supp(BI), By in S, BI not in S}.
For any function
v=) ByeS VI Brlg
in §E ,» we define
IE(v) := } ByeS vy BIIE (4.3)

in SE . Then v—IE(v) is in EE-SE , and for any function
vE } BIs§ 1 BI
in S, the function

I(v) := } Bes I By

is in S, and is equal to IE(v) in E.
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Let N(E) denote the set of unrefined elements which intersect with
E at more than one point. For example, in Figure 3-2, N(E) is the set of

labelled elements.
For convenience in discussing functions in the product space
HM(Q) := {v: v in Hl(E) for all E},

let
a(v,w) := 2 E aE(v.w) for v and w in H(0),

and

2 2 .
HIvINZ = 3 p A1V for v in By(@).

The weak form of (4.1),
a(u,v) = (f,v) for all v in Hl(n),

has a unique solution u in BI(Q) (e.g., Ciarlet [17], page 19). Ve
impose the weak form of (4.1) in S to get a finite element approximation

U in S, where

a(U,v) = (£f,v) for all v in S,

The error for S is e := u-U., Similarly, U in S is required to satisfy

a(U,v) = (f,v) for all v in S,
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and the corresponding error for S is e := u-U.

In this chapter, we consider ways of estimating the norm of the

error lllelll. Let
g := ﬁ;u.

We assume the saturation condition that there exists 0 ¢ ; { 1 such that

Itelll <y Helll. (4.4)

If v is sufficiently smooth, then ; goes to zero as h goes to zero.

Thus, since
Hielll < Hielll ¢ a-n71 IHelll,
we concentrate our attention on estimating Ilelll.

4.3 A Dirichlet a posteriori error estimator

Traditionally, the error estimates for the finite element method
have been a priori, predicting the expected rate of convergence of
Illelll to zero (usmally as h := max{hE} goes to zero), but not saying

much about the actual error for a given S,

In [8], Babu%ka and Rheinboldt present a posteriori error
estimators constructed basically as follows. Let {BI} be a subset of
the basis functiomns for S which form a partition of unity on 2. For
each J, let 0 := snpp(BJ). and let ey be the solution in Hé(ﬂj) of the

local Dirichlet problem
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aQJ(eJ,v) = (f,v)QJ - aQJ(U.v) for all v in Hé(ﬂl).

Under suitable assumptions, Babu$ka and Rheinboldt show that there exist

C1 > 0 and C, > 0 independent of S such that

2

2 2 2
¢ HIelI® < § 5 1Heglllg <oy el

In practice, since Hg(QJ) is infinite-dimensional, ey is not
computable. The most straightforward computable approximation of ey is

ey in
§J := {p(x,y) : p in S, supp(p) contained in nJ}

~ defined by the equatioms

ag (sJ.v) = (f.v)Q - 8, (U,v) for all v in Sy - (4.5)
J J J
Then
2 2 2
c, Mell? ¢ eglllg < ¢y Hielll® (4.6)
. 2 \1/2 .
The quantity ( 7 |”sJ“|ﬂ ) is called an error estimator.
J
Each ey in (4.5) is a projection of & in the energy norm onto a set

of functions, so the right hand inequality in (4.6) arises naturally,

while the left hand inequality is harder to prove.
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4.4 A Neumann a posteriori error estimator
The motivation for a Neumann a posteriori error estimator is that
it is more important to have an upper bound on Illell]l than a lower

bound. We construct an error simulator €, such that & is the projection

of & onto S with respect to the emergy morm. Then |llelll ¢ 112111
arises naturally. Following Babul%ka and Rheinboldt [10], we call

I11ell]l an error

estimator, and for each element E, we call lll;ll'E an

error indicator.

To motivate our construction of E, suppose u is in HZ(E). By

Green's theorem on element E,
aE(e,v) = FE(v) g= (f,v)E + <aau/an,v>aE - aE(U,v) (4.7)

for all v in HI(E). For a gi&en v, we can compute every quantity in
(4.7) except adu/dn on the boundary of E. Suppose E shares side s with
element E’, On s, a possible approximation to aaulanlE is the average
value of aBU/BnE on E and E’, where n; is the outward normal from E.

Since
mgly = - 2glg
we define the approximation
[200/8n1l; := 4 1/2 { adU/dnl - ad0/anl, } , s not in 30 (4.8)

0 , S in 9Q .
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Note
[aaU/an]IE = - [aaU/anllE, .
The resulting approximation to FE(v) is
Fp(v) := (£,v)p + <[230/30],v>,p = ap(T,v). (4.9)

Since aE(',-) is elliptic, we can define an error simulator for e in E
by replacing FE with ﬁE on the right hand side of (4.7). However, as hE
approaches zero, the finite element matrices for the error simulator

approach an indefinite matrix corresponding to the case when b(x,y) = 0.

Thus, we formulate error simulator equations which are
automatically consistent when b(x,y) =0 and aE(°.°) is indefinite. Ve

approximate ¢ by the function ;E in §E defined by the equations
aE(sE.v) = FE(v—IE(v)) for all v in SE , (4.10)

where IE(V) is defined by (4.3). Since ap *,*) is elliptic, ;E exists
uniquely. Since v need not vanish on 8E, (4.10) is a Neumann problem.

Moreover, since 1|E is in SE ’
IE(I) =1,
so the consistency condition aE(;E,l) = 0 is automatically satisfied.

Equations (4.10) are equivalent to choosing EE in §E such that
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aE(eE,v) = FE(V) for v in SE—SE

0 for v in SE .

~

The corresponding matrix equation is A Y = f for the coefficient vector

~ ~
v of g » where

| X & | I3, | I o |
A:=|f,}~3| AP R Y |,
| & A, | I v, | I g, |

the coefficients of the basis functions for SE are in ;1 » and the

coefficients of the basis functions for §E—SE are in ;2 o
Ve define the value of the error simulator e at (x,y) in @ to be
e(x,y) := sglx.y),

where E is an unrefined element containing (x,y). When there is no
danger of confusion, we refer to EE as €. Note that g is inm HM(Q), but

not necessarily in Hl(ﬂ).

4.5 Properties of the Neumanm error estimator

The most important property of € is that

Theorem 4.1: Illelll ¢ gL,

Proof: Suppose v is in S. Since [aaU/an]IE = - [aaﬂlan]lE, , and

[adU/0n] = 0 on 989,
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} g <[800/3n1,v>, = 0.
Thus,

Y Fp® = ) o (W) - a0} = (£,9) - a(U,v),
Since I(v) (page 38) is in S,

Y g FplIpm) = Y g Fg(I(M) = (£,I(™) - a(T,I(7) = 0. (4.11)
Thus,

ale,v) = ale,v) = (£,9) = a(U,v) = ) o FL (I (v) = a5, (4.12)

./and, in particular,

el 1% = a(e,e) = a(s,e) < el telll.

By (4.4), we have
Corollary 4.2: (1-y) Illelll < HIElll.

This is a global imequality. We cannot generally expect

|||e|||E £c |||:|||E : suppose u is smooth, S contains bilinears,

"

L > h away from R. In region R, U is

by = b in region R in 0, and hy

E

a finite element approximation to the solution to

.L(uR) = f(x,y) in the interior of R, (4.13)

tp =0 on 9R.
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Let E be an element in the interior of R. Since the error simulator

equations in E are local, they are the same for (4.13) as for (4.1).

Since (Theorem 4.6) |||;|||E is bounded by local quantities behaving
like |l|U—uR|||E , and the boundary error in (4.13) pollutes the

solution throughout R, we expect
Hlellly >> Helllg .

(In practice, this may be acceptable, since the error is bigger away
from R due to the coarse mesh, and the small size of the error simulator

is in accord with the fact that no more mesh refinement should occur.)

By the triangle inequality and (4.12),
THEN = HHelll ¢ HHe-elll = ingtllle-£111: £ in S},

so we can get an a posteriori upper bound for lllzlll—lllelll by
measuring the difference in the emergy norm between € and any function
in S. For instance, by averaging Z, we can construct an approximation

€ to € in S: e-¢ approximates the size of the jumps in € across
ave ave

element boundaries. If
55 1<y HIEH
with y < 1, then

THEHT < =72 1el .

Of course, the jumps in € can be made as small as desired by adding
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penalty terms to equations (4.10), but the resulting equations are

non-local.

Ve now prove a local a priori upper bound for 'I‘gElllE in terms of
quantities depending on e. We assume there exists a constant kmax such

that

EE < kmax independent of S. (4.14)

We start with a few lemmas.

Lemms 4.3: I G, < T .

-

Proof: Suppose v is in SE . Since the dimension of §E is finite and IE

is linear,
(bIE(v).IE(v))E £ C1 (bv,v)E ,

.where 01 is independent of v and hE . (Otherwise, there would exist w
in SE such that (bw,w)E = 0 and (b‘IE(w),IE(w))E # 0, which leads to a
contradiction.) Similarly, since the dimension of §E is finite, IE is

linear, and IE(I) =1,
(anIE(v).DxIE(v))E + (aDyIE(v).DyIE(v))E £
02 ( (anv.va)E + (aDyv.Dyv)E )

where C2 is independent of v and hE . Thus,
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2 . 2
lllIE(v)lllE 4 m1n(C1,C2) |||v|l|E .

Let v = ;E .

. ~.' ~ 1/2 ~
Lemma 4.4: IeE IE(eE)IaE £ Chy IIIeEIll

E o
Proof: The trace imequality

IaE-IE(eE)IaE £ C {n HeE—IE(eE)IIE + hy ||sE—IE(sE)||1’E} (4.15)

follows directly from Theorem 3.10 in Agmon [1].
Suppose v is in §E . For 0 { x,y {1, let
.vn(x.y) o= v(xE + hE x, yg * hE y),

Iﬂ(x.y) f= IE(V)(xE + hE x, yg t hE 2

Since the dimension of §E is finité, IE is linear, and IE(I) =1,
2 2 2
IIVQ-Iﬂl'ﬂ £c ('Ivagl'g + IlDyvﬂlln ),
and thus

2

2 2

where C is independent of v and hE . The result follows by letting

v = Eé in (4.15) and using (4.2) and Lemma 4.3.

Lemma 4.5: If u is in HZ(E),
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-1/2 2 2 2 1/2
laae/anlaE LChg 7L IIeIILE + by Ilellz,E e,

Proof: Since u is in HZ(E), e is in HZ(E). The result follows directly

from Theorem 3.10 in Agmon [1].

The following theorem shows that the error is large in local
regions where the error indicators are large (and u is sufficiently

smooth) .
Theorem 4.6: If u is in HZ(E') for all E' in N(E), then

~ 2 2 2 1/2
Mz Clell? o, + n2, HHel1? |, 32,

¢ } E'eN(E) 1,E’ 2,E’

Proof: For any v in §E ,
Cag(ep.v) = (£,7-I5(v))p + <[200/3n],v=-IL(v)>,p = a (U, v=I ()

= FE(v~IE(v)) - (aau/an.v—IE(v))aE + ([aaUlan].v~IE(v)>aE

= aE(e,v~IE(v)) - <[aae/an],v~IE(v)>aE .

o

Let v = E* By the Cauchy—Schwarz inequality and the definition of

[‘]:
~ 2 ~ ~
|l|aE|||E < |||e|||E IIIeE—IE(eE)IllE +

} le I ()]

laaelanlaE, g Igtep) g -

t } E'eN(E)

By Lemma 4.3 and Lemma 4.4,
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- 1/2 (4.16)
I < e Hlelllg + e n.t'2 ) o 0 0 ladesanl g,

By Lemma 4.5, noting that (since the mesh is l-irregular)

hEl/" hE,‘1/2 < C for all E' in N(E),

Mg < c el +

2 2 2 1/2
C) proneey ¢ Helld g + 12, Mol o, 372,

The result follows by noting that E is in N(E) and using (4.2).

If u is in HZ(E), we expect the right hand side of Theorem 4.6 to
converge to zero at the same rate as lllelllE . If the coefficients
a(x,y) and b(x,y) are sufficiently smooth, u is in HZ(Q) (e.g.»

Ciarlet [17], page 138).

We now prove a global a priori upper bound for l||2|||. Ve assume
that u is in HZ(E) for all E, and we assume the saturation condition

that there exists 0 £ ; { @ such that
- 2 .1/2 , =
() g b lageranl 212 < T 1MIelIN. (4.17)
If u is sufficiently smooth, then 7 goes to zero if h goes to zero.

Theorem 4.7: There exists c independent of S and S such that

HHENT < © Hielll.
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Proof: It follows from Theorem 3.10 in Agmon [1] and (4.14) that
lade/anlly < e ng tllell2 Lo 2 Hell? L)
<cny el .
Then, using ade/dn = ade/dn + ade/dn in Equation (4.16),

~ 1/2 T
Il < e Hlelll, + cng ') lade/onl , +

eN(E)

c}E%mmluan.

Squaring, summing over E, using the triangle inequality, and noting that

the maximum number of N(<)'s in which any element appears is bounded,

~ =/an12 4172
HIZHE < ¢ Helll + ¢ Helly + ¢ () by lageranl? 312,

The Theorem follows using (4.2), noting that |llelll < Iilelll, and

using (4.17).

4.6 Alternative error estimators
In practice, there are several alternative error estimators that

are less costly to compute than [Heltl.

4.6.1 Ignoring irregular corners

We can compute an error simulator in element E by replacing IE(v)
with an analogous function I;(v) which interpolates v locally in E. The
resulting error simulator, in effect, ignores the irregularity of the

corners of E, and its system is slightly cheaper to assemble than the
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~

system Av=f. In practice, the resulting error estimator appears to
be at least as accurate as |llelll. However, Equation (4.11) in the
proof of Theorem 4.1 break down when v is a side basis function for a
side s containing an irregular vertex (Figure 4-1): I‘(v), the analogue
to I(v), is not continuous across s. Thus, we do not comsider this

alternative error estimator further.

(0) (0) (0) (0) (0) (0)
| | I | | |
| i | | (0l |

(0) (1) | (0) +(0) |
| ($9]] | | (D |
| | | | | |

(0) (0) —=(0) (0) (0) (0)

v I.(v)

Figure 4-1: Ignoring the irregular corners

4.6.2 Using the matrix for a local Poisson problem
We can form and solve error simulator equations using a matrix

corresponding to an associated local Poisson problem., For v and w in

B (E), let
_a,E(v,w) := a(E) { (va.wa)E + (Dyv.Dyw)E ),
Illvlllé = ap(v,v),

where a(E) := inf{a(x,y) in E}.

Instead of choosing ZE in §E by (4.10), we can choose gp in S such

that
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. _ (4.18)
ap(ep,v) = Fp(v) for all v in SgSg

0 for all v in SE ,

and
(gp.1)g = 0. (4.19)

(We impose (4.19) because gE(l,l) = 0.) Ve construct the error
simulator ¢ and the error indicators {IllglllE] from g in the same way

we constructed ¢ and {IIIZIIIE} from EE .

Equations (4.18) correspond to the matrix equation A v = f for the

coefficient vector v of ep(%,y), where

A, A |

T I, v:=1
I_A3 Az_l
the coefficients of the basis functions for SE are in 31 ,» and the

coefficients of the basis functions for §E_SE are in 32 . Since

|l|§|l|E = Il|£+C‘l|E for any constant C, we can set

A 5=4 ,=5;,>

reordering the unknowns if necessary, so that A is positive definite.
For fixed kE » A depends only on the regularity of the corners of E, and

not on hE .




54
Theorem 4.8: If a(x,y) is Lipschitz—continuous, then
HIZH < el < asom) HHIEHI

as hE goes to zero.

Proof: By (4.10) and (4.18), since aE(v,v) < aE(v.v) for all v in §E
~ 2 ~ ~ -~
HITHNZ = agte,®) < Ilelllg 1LIE1L < Hlelllg TS
Similarly,
2 - V = ~ o~
lell12 = ap(e.e) = agGae) < HITHIG Hellly

and if a(x,y) is Lipschitz-continuous in E, so that

a(x,y) £ a(E) + O(hE) in E, then by (4.19),
Hellg < ¢ by Helly 5
and
el < a0 1llellly

as oes to zero.
g

Since mesh refinement occurs in a very regular fashion, we can
precompute the factorization of A, and only incur the cost of a
backsolve plus computation of the right hand side for each element.

the hierarchic polynomials {pi} are chosen by (3.2), them since

fg p;ps =0, i#j, max(i,j) > 2,

»

If
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A is sparse. In practice, we replace the quantity a(E) with the more

convenient quantity a(xE+hE/2.yE+hE/2). Then

Hellly < +omp) Illellly < +o(ap)) THelllg .

4.6.3 Using a smaller matrix

We can also compute EE in §E-SE by the equations

gE(;E,v) = ﬁE(v) for all v in §E-S (4.20)

E »
constructing the error simulator & and the error indicators {ILIEILIE]

from ;E in the same way we constructed € and {lllglllE} from EE .

Equations (4.20) correspond to the matrix equation A2 ;2 = f2 , or

Avs= f, for the coefficient vector v of ;E , where

A=

|A10= I o | I o |
I o |

Ve now show
Theorem 4.9: There exists a constant C independent of hE such that

IEILG < Mlellly < € ILIEI, .

Proof: The left hand inequality follows from

-1112 _ =Ts= _ =T, =T, _ _ = -
IIEILIG = V5 = 37 = Yy = agGoe) < LRI ILIell
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The following approach to the right hand inequality is due to
Eisenstat [19]. Since A is positive definite, using block Gaussian

elimination, A, v, = f2 » where

4 T2
_ T -1,
Ay i= (A, = Ay ATT A

is symmetric and positive definite. Then

2 _ T ,-T
Hlelllp = £, A, £, .

Similarly, A2 is positive definite, and

-2 _ T ,-T
112 = 6 T ¢,

Since A4 and A2 are finite—dimensional,

C = max VT A—T v/ vT A;T v { =,

v#0 4

In particular, let v = f2 o

For example, if E has no irregular cormers, a(E) =1, SE contains

bilinears, and §E-SE contains the biquadratic basis functions
3
(xE+h.E-x) (yE+hE—y) (y—yE) / hE »
3
(x—xE) (yE+thy) (y-yE) / hE ,
(xE+hE—x) (x-xE) (yE+thy) / h; »

(xgthpmx) (x-xp) (y=yp) / h':: ,
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then
l 6 o o o | |l o o o
l o 4 -1 -2 | l 1 1 -1 -
A = |l o -1 4 -1 | /6, A = l-1 1 1 -
|l o -2 -1 4 | l -1 -1 1
l13 o 2 o |
|l o 13 o 2 |
A, = l 2 o 13 o |/ 9,
|l o 2 o 13 |
and © = (11/6)1/2 = 1.354.

4.6.4 Using the residuals and jumps in normal derivatives

We may choose not to solve any linear systems.
By Green's theorem, for v inm §E-SE »
aE(U,v) = (Lﬂ,v)E + (a&U/Bn,v)aE ,
so

gE(sE,v) = (f-—LU,v)E + <[aaU/an]—a3U/3n,v>aE .
In particular,

- 2 _ ietn s _ -
Hle I1IT = (£-LU,ep) . + <[ad0/0n]-280/3n,ep>

oE ’

and so
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Hlegllly < ¢ (bp,a(E)) llg-LUllp + (4.21)
Cz(hE,g(E)) l[aau/an]-aau/anlaE B
where

€y (hp,a(E)) :=sup lIvlig/ILIvlLlG .

veS+

C,(h_,a(E)) := sup Ivl
2 hE veS+

S/ 1wl
and S+ := {v : v = vo(x,y)+C, A in SE--SE , v# 0, and (v,l)E = 0},

For example, if E has no irregular cormers, SE contains bilinmears,

and §E-SE contains the biquadratic basis functions on page 56, then S+

is the span of
hE-s (xg+hp-x) (yp+he-y) (y-yg) - 1/12,
hE_s (x=xp) (yg+hp-y) (y-yp) - 1/12,
by o (xgthpx) (x-xp) (ygthpmy) - 1/12,
.hE_S (xE+hE—x) (x-xp) (y-yp) - 1/12,

and

/2

C,(hy,a(E) = by / (22 a(en?

/2

C,(hg,a(B)) = { 3 by / (11 a(B) I}

Babutka and Rheinboldt [9] suggest error indicators when S contains
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piecewise bilinear basis functions which amount to approximating
Ilel112 = 12/(24a(B)) Il£-Lul1? + (4.22)
g - bp/(%42 E .
hy/ (6(E)) l[aaU/an]-aaU/anlgE

for interior elements. Since 1/22 = 1.1 X 1/24 and 3/11 = 1.6 X 1/6,

the two schemes are in rough agreement.

If the mesh is uniform, S contains piecewise bilinear basis

functions, S contains piecewise biquadratic basis functions, u is
sufficiently smooth, and h goes to zero, then combining Corollary 4.2,

Theorem 4.8, Theorem 4.9, and (4.21),

Hell1? ¢ a-p72 Y | t(azaen ™2

hEIIf-LUIIE +
(23(3))‘1/2hE1/2I[aau/an]-aanlanlaE}z.

where ; goes to zero. Similar results hold for higher—order elements

and nonuniform grids.
In numerical tests, we have observed that quantities of the form
Y g €y (hpa(®) H£-L0lI2 + ¢, (hy,a(E)) |[230/0n]1-a00/0al2;

‘or
Y g € (mpua(®) £-L0ll + C,(hy,a(E)) l[aaU/anl—aap/anlaE}2

only seem to approach |||e|||2 to within a multiplicative constant
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depending on u. In Chapter 7, we present numerical results using the

error estimator

N 2 .1/2
g.-(EEgE) »

where
e2 := K(k.) (h2/a(E) |1£-LUI12 + 4n_/a(B) |[2d0/3n]1-200/3 12.1,(4.23)
g = Elkp)ihg/a gt 4bg/a aob/oni=adtidnlag’» 4.
and
E(kp) = (kplkp+l) (kpe2) (4.24)

e, is chosen to extend formula (4.22), and to perform well on the

=E

problem
2 2 .
- Dxu - Dyu = f(x,y) in @ , u =0 on 09,
when u = sin(nx)sin(ny), kE and hE are uniform, and h goes to zero.

4.7 Exteansions
If b(x,y) = 0 in Q, in order to insure nonsingular linear systems,
we impose the Neumann consistency conditioms (u,1) = 0, (U,1) = 0, and

(Z,l)E = 0. We still have
. o1
IIIvIIIE <c HvHLE for all v in H (E),

and globally,

Hell, < c Hlelll.
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Since (ep,1)p = 0 implies IIaEIIE £ Chp IleEllm3 .

311, g < IR,

for hE sufficiently small. (Similarly, ||;||1 E £cC |||;|||E .) Thus,

Theorem 4.6 and Theorem 4.7 hold for h sufficiently small.
If aE('.') is of the form
aE(v,w) = (a(x,y) va.wa)E + (a(x,y) Dyv,Dyw)E +
(b(x,y) v,w)E + (c(x,y) va,w)E + (d(x,y) Dyv,w)E ,

then, under suitable assumptions, ||g||i E £cC aE(;,;) and
||§'|§ E £cC aE(;.;) as h goes to zero (see Schatz [27]). Thus, Theorem

4.6 and Theorem 4.7 hold for h sufficiently small.

For problems with non-homogeneous Neumann boundary conditions

vaau/an = g(x,y) on 32 , g in H°(an).
if we set
a(u,v) = (f,v) + <g,v> for all v in Hl(ﬂ),
a(U,v) = (£f,v) + {g,v> for all v in S,

and

[a0U/dn] := g(x,y) if s is on 90,
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then we obtain the same results as before.
For problems with homogeneous Dirichlet boﬁndary conditions
u=0 on 99,
the solution u in Hé(ﬂ) satisfies
a(u,v) = (f,v) for all v in Hé(ﬂ).

Similarly, the equations for U, Z, &, and g are now posed on subspaces

*
of Hé(ﬂ). Since all the functions of interest now vanish on 92, the
other results follow as before. Problems with non~-homogeneous Dirichlet

boundary conditions which are exactly satisfied are handled similarly.

When Dirichlet boundary conditions are not exactly satisfied by U,

in element E touching 32, we define ;E in §E by the equations
aE(eE.v) = FE(v—IE(v)) for all v in SE which vanish on 9890,
g = & on aQ.

Ve define & from EE as before. Let ;b be any function in S such that

*
Equation (4.19) is no longer needed in elements touching 9Q.
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vanishes on 82, and let &y < e~;b . By the same proof as

E—¢E

€p T 7%
for Theorem 4.1,

Mgl < HIENI,

SO
(=7 Hlelll & T + TG, 1.

Similarly, under the assumptions of Theorem 4.6,

2 }1I2

2,E' +

~ 2 2
MG ey by € Hell} o+ 82, Hlell
iz I
and under the assumptions of Theorem 4.7,
HIEH S el + I,
If
e = } sI BI R
where {BI} is the basis for S, we choose
‘; =§ - ; B »
b BIeSb I71
where

§b 1= span{BI : BI in S, BI(x.y) # 0, (x,y) in 0Q}.

Since the area of supp(;b) is 0(h), we expect |||§b||| = o(llIElIl) as 1
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goes to zero. Since e is nonzero on 99, & should be in §E rather than

SE-SE when E touches 9Q.

Analogous results hold for ¢ and e.

As in Babutka and Rheinboldt [10], on an element side s of E which

touches 92, we replace the term

E(ky) 4by/a(E) |[230/8n1-200/0nl
with the term

3a(E) /b, Ieli
~ in formula (4.23).

4.8 Summary

The error indicators discussed in this chapter are:

|l|8E|||E » where & is in Sp and

'

aE(eE.v) = FE(v) for all v in SE--SE

0 for all v in SE >

I1legllly , where e is in S, (ep,1)p = 0, and

ap(ep,v) = JF (v) for all v in SgSg

0 for all v in SE »
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lllaElllE » where e is in S-S, and

AE(eE,v) = FE(v) for all v in Sg-S; ,
and Ep » where

2 _ 2 2 _ 2
g = KGp) {np/a(B) I1£-LOIIG + 4bp/a(E) [[280/0n1-200/anl7, 3.

fieo

The corresponding error estimators are

THEH

1~ 112 172
¢y g g2 Y2,

Whelll = ¢ ) o 1legll12 )12,

IR = ¢ 3 g IiEglni2 /2,

and

) 2 .1/2
g = ( } E &g ) .

*
We define the corresponding relative errors in the estimators

*
Babu$ka and Rheinboldt call (the relative error + 1) the "efficiency

index” [10] or the "effectivity index” [9].
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poa= CHIZHL = Hlelll ) 7 Hlelll,
p = CILIelll = IHelll ) 7 Hlelll,
p o= C HLIElll = Tlelll ) 7 Hilelll,
and
p = Ce - lllelll ) 7 lHelll.
We have shown, for sufficiently smooth u, that as h goes to zero,
(1-y) Hlelll < HHEIT ¢ € 1Helll,
(1-y) llelll < 1lelll <€ IHlelll,
(1 € L allelll < IR < € el
and

c el Cg,

where the positive constants C, C, and C are independent of h, and if u

is sufficiently smooth, ; goes to zero if h goes to zero.



CHAPTER 5

Heuristic refinement criteria

5.1 Introduction

The guiding principle in choosing a finite element space is to
minimize the norm of the error as a function of work. However, there is
not usually enough information available to choose an appropriate space
a priori. Instead, it is necessary to choose a seqne;ce of spaces
adaptively. Each succeeding space in the sequence is chosen on the
basis of criteria computable from the preceding space, with the criteria
tending to satisfy the guiding principle when a heuristic model of error

behavior holds.

Vhen the polynomial orders of the basis functions are uniform, the
resulting refinement algorithms tend to approximateli equalize the sizes
of the errors in the elements in the next space. In finite element
methods, for example, this heuristic refinement criteriom is used in
Fried and Yang [20], Babu$ka and Rheinboldt [8], and Bank and
Sherman [13]. VWhen the polynomial orders of the basis functions vary
locally, the heuristic refinement criteria must be somewhat more

complicated (e.g., Brandt [16]).

67
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In Sections 5.2 - 5.5, we develop two heuristic models of error
behavior for local—-mesh, local-order finite element spaces, and an
adaptive refinement algorithm which uses the models. In Section 5.6, we
discuss drawbacks inherent in the models. In Section 5.7, we present
the asymptotic expected error and work behavior for three problem
classes consisting of problems with:

1. smooth solutioms.

2. solutions with point singularities.

3. solutions with line singularities.
Except in the presence of line singularities, with appropriate local
mesh and local order refimement, the expected error comnverges to zero

faster than inverse polynomially with respect to work.

5.2 A model of work

The guiding principle in choosing a "good” finite element space S
can be stated as

minimize |llelll as a function of W, (5.1)

where |llelll is thé error in the energy norm, and W is the work.
However, there is not usually enough information available to choose an
appropriate space a priori., Thus, we must choose a sequence of nested
spaces

S1 contained in 82 contained in ... Sn »
with finite element solutions Ul""‘Un , taking § = Sn (for instance,

because the work limit is reached). We choose each Si+1 adaptively, on

the basis of information obtained from Si . Since the spaces are



69

nested, the errors {ei} and work counts {Wi} satisfy
e 112 HTeylHT > oee 3 e 1

and

Wl < Wz oo £ Wn .

The work counts can represent either storage or computer time. If
the work counts represents storage, W = Wn . If the work counts

represents time, W = } :=1 Wi, and if

W. <y VW

: 0<y<1, 1<ign, : (5.2)

i+l ’
then W ¢ (1--7)_1 Wn . Thus, W is usually proportional to Wn . Since it

is possible that n = i+l, in the remainder of this chapter, we take as

the "local guiding principle” a local version of (5.1):
given Si , choose Si+1 to minimize |l|ei+1|l| (5.3)
as a function of Wi+1

(subject to the possible enforcement of (5.2)).

Let S be the current finite element space Si in the sequence, with
mesh M, unrefined elements {E}, and error e. Let z := (x,y) denote a
point in Q. Let h(z), p(z), and w(p(z)) be piecewise constant functions

defined by
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h(z) o= hE = the local mesh size,
p(z) = pp = kE—l = the local polynomial degree,
wip(z)) := Vg = the local work count,

if z is in element E. VWe make the heuristic assumption that the work W

for S is
W= 2 E Vg - (5.4)

This is reasonable if W is the dimension of S, or (since the mesh is
l1-irregular) the storage for the stiffness matrix for S, or the number
of arithmetic operations needed to solve the finite element system for S
when the work is proportional to the number of elements in the mesh (see
Section 6.3). It is not reasonable if the work grows faster than the

number of elements: then, W depends on S globally as well as locally.

5.3 A model of predicted error behavior
In this section, we construct a model of predicted error behavior
based on standard a priori error estimates, and derive heuristic

refinement criteria which tend to satisfy (5.3) when the model holds.
Let m(z) and ;(z) be piecewise constant functions defined by
m(z) := max{ k : llullk’E (>},

;(z) := min{p(z) ,m(z)-1} ,
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if z is in element E, m indicates the maximum local smoothness of u in
E, and ; indicates the expected convergence rate in the energy norm
using polynomials of degree p (order kE). Standard a priori error
estimates (e.g., Ciarlet [17], Theorem 3.1.5 and proofs of Theorems

3.2.1 and 3.2.2) yield

HIell1? ¢ f§ €(3(2) alz) 6(z,5(2)) ()P gy, (5.5)
where a(z) is the coefficient in (4.1), and

6(z,3) := ) ?:z (o n?*l'j w(z) )2
is in L?(Q) by the definition of P.

Following Brandt [16], Chapter 8, we make the crucial assumption

that, for heuristic purposes, (5.5) holds in each element, with

equality:

Hell12 2 g; := [f ¢(3(2)) al2) 6(z,5(2)) P 4, (5.6)
so that

Hlell1? S g := ) g .
Ve also assume, for heuristic purposes, that

a and G are approximately constant in each E (5.7)

and
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C, G, and W are (formally) differentiable in h and p. (5.8)

Assumptions (5.4), (5.6), (5.7), and (5.8) comprise our first heuristic
model of predicted error behavior. The form of (5.6) is important, but
not the specific values of C(;) and G(z.;). We make assumption (5.8)
only for convenience: all derivatives with respect to h and p can be

replaced by divided differences.

In the following paragraphs, using (5.4), (5.6), (5.7), and (5.8),
we estimate the marginal efficiency of refinement in each element E,

obtaining

xéh’ Z - (a/ahg) / (aW/ahp) (5.9)

for mesh refinement (h—refinement), and
3P 2 (aerap.) / (9W/dp,) (5.10)
E E E *

for order refinement (p~refinement). Let

xE := max{léh).lép)}.
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Ve use these quantities in the following adaptive refinement algorithm:

1. Find the unrefined element E with the largest AE .

2. Determine the refinement cutoff lCUT < xE (e.g., as in

Section 5.5).

3. For each unrefined element E with lE 2 XCUT :

(h) (p)

a. If A 2 AE

E , refine the mesh in E.

(h) (p) . .
b. If XE < LE , refine the order in E.

4. Take Si+ to be the resulting finite element space.

1

We now determine Aéh) and lép). First, we estimate S in each
unrefined element E. Sﬁppose the order.in E has never been refined, and
(from a previous finite element space in the sequence) we have an
approximation gf(E) to the square of the error in £(E) before f(E) was

refined. By (5.6) and (5.7),

~ 2(p+1)
SeE) =~ %2 ,

so we estimate
p=( (g, gy — 1a(Ep) ) / 1n(4) - 1.

On the other hand, suppose the order in E has been refined, and we have
an approximation t; to the square of the error in element E with kE one

less than its current value. If
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8 / &g < Pepr (5.11)

for some constant Peut <1 (e.g., as in Section 5.4), there may still be
higher derivatives of u in E which can be exploited, so we estimate
; = Pg - Otherwise, we retain our previous estimate of ;. In order for
our estimate of ; to be logically consistent, we restrict it to the

interval (0,pE].

Using our estimate of ;, by (5.7) and (5.9), we estimate

xéh) Z - a2 & c 6 1*P)/0n) / {2082 w 1 2)/3m) (5.12)

23 Gcen®) r Y}/ ((-2) wr)

]

(p/ w) tg
in element E.

There are two cases to comsider in estimating xép). If p 2 mi,
refining the order will not change the error at all (im (5.6)). Thus,

Aép) = (0., On the other hand, if p ¢ m1, by (5.7) and (5.10),
AP - - ace)/ap) /oW
E g’ ’°P ’
where w’ := dw/dp. TIf u(z) Z C sin(@x) sin(@y) in E, where © is the

approximate "frequency” of u in E, then

2 ~ 2(p+1)
el 12, =, o@D,

and by (5.6), since c(p) = (p!)-z for Taylor's theoren,
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(5.13)
h2 92(p+1) th

e

-2
02 (p!)

2

2(p+1) (p1) 2.

= C2 (6 1)
Since © is independent of h and p, by (5.13),
0= (p g/ :;)1/2 w1, (5.14)
Using the crude bound 3(p!)/dp < p p!/2,

3(gp)/0p = & (2 1n(8 B) - p),

so we estimate

ne

(p)
)

EE (-2 1n(0 h) +p) / w if p ( m1 (5.15)

0 if p 2 m1,

In practice, we estimate §E by the squared error indicator |||;|||é
(or |l|§|l|2 s |l|§|l|é , Or gg) in formulae (5.12), (5.14), (5.15), and

the formulae for ;E .

Expressions (5.12) and (5.15) indicate that lE tends to decrease as
E is refined. Thus, the adaptive refinement algorithm tends to
approximately equalize {LE}. VWhen the order is uniform, this reduces to
"asymptotic equidistribution” of the errors among the elements (e.g.,

Fried and Yang [20]).
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5.4 A symmetrized model of predicted error behavior
In this section, we construct a second model of predicted error

behavior based on symmetrized a priori error estimates.

In considering combined h and p refinement, Babu$ka and Dorr [2]

present an a priori error estimate of the form

zS(z)p -2(m(z)~1)

Hlel11? < Clkmax) [fa(z) 6(z,m(z)) h(z) (z) dz.(5.16)

Since C and G are independent of p, this estimate is more symmetric in h
and p than (5.5). Moreover, it indicates the manner in which
convergence occurs when p > m1. Theorems and numerical evidence in
[11] show the exponent in p is optimal in the presence of singularities
of u not located at mesh nodes, and that .if all the singularities of u
‘are located at mesh nodes, the exponent of p can double. The effect of

this doubling will be considered at the end of this sectiom.

We make the heuristic assumption that (5.16) holds in each element,

with equality:

n

(5.17)

2
elli2 2 ¢y

Clknax) [fa(2) &(zm(2)) h(n) 2P p(x) 2D g,

Assumptions (5.4), (5.7), (5.8), and (5.17) comprise our second

heuristic model of predicted error behavior. The resulting estimates of

(h)
E

Section 5.3.

{(r». 1, {kép)}. and {AE} can be used in the refinement algorithm in
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In our $econd model, if the order in unrefined element E has never

been refined, then by (5.17) and (5.7), we estimate
P = (In(Egp) - 1n(gp) ) / 1n(4) - 1.

On the other hand, if the order in E has been refined, then if ; { m1,

¢ / &g = b7 (p/ (p-1)) ~2(m 1)

else if ; 2 m1,

&g / &g = (p/ (p-1)) 2(m=1)

-2(p-1)

Since the function (p/(p-1)) equals 1/4 at 2, and is monotone

decreasing with limit e-'2 as k goes to », we decide whether to increase
our estimate of S‘on the basis of (5.11), with Poyr = e—z. In order for
our estimate of 5 to be logically consistent, we restrict it to the

interval (O,pE].
As in Section 5.3, we estimate

xéh) S /w) gy (5.18)

If ; { m1, we estimate

AP 2 (2 1aw) + 2 (a)/p) /W (5.19)

Otherwise, we estimate

;.ép) = tp (2 (w1)/p) / w'. (5.20)
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In practice, we approximate §E by the squared error indicator
HHEINZ (ox 111l ILISILIZ , or g5) in formulae (5.18), (5.19),

(5.20), and the formulae for ;.

Suppose the exponent of p in (5.17) is doubled. Then our estimate

(h) (p)
A E

factor of 2 when p ) m1, and by a small factor when p { m—1 and hE is

of is exactly as before, and our estimate of A changes by a

small, The main effect is to encourage order refinement when m is small

(h)
E

practical effect on refinement behavior is slight. In general, the form

and p > m~1, But then Aép) is usually much smaller than A » so the

of (5.17) is more important than the values of the éxponents.

5.5 Choosing the refinement cutoff

A simple choice for xCUT is

bepr = C Mg
for some constant 0 < C ¢ 1, where

A, = max{A_}.
E E E

If A is too large, (5.2) may not hold. If lCUT is too small, we

CcuT

may refine an element with small XE when it may be more efficient to
refine an element with large lE twice. VWe can avoid this situation by

letting A approximate the largest XE for a once—refined element.

CuT

This quantity can be estimated by the marginal efficiency of refinement

for element E after it has been refined once:
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If Ap = xéh)

, and the order in E has never been refined. we can estimate
M = (Do /oW ) E2 1 &
CuT E E E f(E) °

If AE = héh)and the order in E has been refined, then by (5.13) and

(5.12) (or (5.17) in our second model), we can estimate

~ =(pg*1) . (h)

CUT
If AE = lép). then in our first model, by (5.13) and (5.15), we can
estimate

A = 282 (0802 7 (p#1) (W' (BeAl) /w (Be#l) )

cor = e (%gbe E E E ,

and in our second model, by (5.17)-(5.20), we can estimate

EST ~ . (p) ,2 -2(m-1) P ~
Agr = Mg Bg ((pgt1)/pg) ™ B 1 ( w'(Dp)/w (Bg+l) ).
5.6 Drawbacks
The heuristic assumptions leading to our estimates of kép) may be

too crude to yield useful refinement information. We base an alternate

refinement algorithm solely om léh) and ;:
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1. Find the unrefined element E with the largest xéh).

. (h)
2. Determine xCUT 4 AE .

3, For each unrefined element E with kéh) 2 ACUT :

a, If p > ;, refine the mesh in E.
b. If p £ ;. refine the order im E.

4. Take Si+ to be the resulting finite element space.

1

If the order in element E is refined, S is estimated by (5.11).
Then if §; and §E behave similarly to |||e(p~1)|||é and lllefll% » D

tends to be one more tham its (usually) optimal value m~1. Conversely,

if &E K« |||e(p-1)|il; , then p tends to be lggg than m-1. The latter
situation arises most frequently when ks > kE on the sides of E. Thus,
in our current code, if ks 2 kE+1 on any three sides of E, or ks 2 kE+2
on any side of E, then the next time E is refined, the order is refimed,

regardless of the size of ;.

Lack of de—refinement penalizes early order refinement. For
example, suppose h { 1/4 and k > 3 are desired near the origin. If the

order is refined first, then k > 3 everywhere (Figure 5-1).

The resulting finite element space may not satisfy (5.3), even if

the heuristic models of error behavior hold. For instance, if

(h) (p)
AE < lE

resulting decrease in §E is greater with mesh refinement than with order

, it may still be more efficient to refine E in h if the
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mesh refinement first

Figure 5-1: Early order refinement penalty

refinement, and if the other lE’s are very small,

Rigorous models are preferable to the heuristic models used in this
chapter. A rigorous approach for one-dimensional problems is developed

in Babutka and Rheinboldt [7].

5.7 Expected error behavior
In this section, we model the asymptotic behavior of error with
respect to work for three problem classes consisting.of problems with:
1. smooth solutionms.
2. solutions with poipt singularities.

3. solutions with line singularities.
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Ve use the heuristic model from Sectiom 5.3. We expect similar behavior

using the heuristic model from Section 5.4.

5.7.1 A smooth solution
Suppose u is smooth everywhere in @, and h(z) and p(z) are uniform.

By assumption (5.6),
& T c(p)n’?,

and by assumption (5.4),

Minimizing & while holding W fixed, 2 p/h & - A 2/h W= 0 and

((c'/C) + 2 1n(h))E + A B/p W = 0 imply
-6-7/2

ne

h

and

c e’“YP

e
e

where
vy := B + C'/C.

Thus, it is best to fix the mesh and only refine the order. Suppose
Clp) = AP , A > 1,

Since C'/C = 1n(A), then A e ! = A ¢ B-1n(d)

(1, so
E=(ae NP
is exponentially decreasing in p. But W = pB el is polynomial in p, so

if there exists A ¢ @ such that C(p) £ AP for sufficiently large p, then

¢ is exponmentially decreasing with respect to V.
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5.7.2 A point singularity

Suppose u has an isolated singularity at a point ¢ in £, such that
near ¢, u has l+a derivatives in L2. and u>is smooth aiay from o.
Suppose there are unrefined elements at levels 1 to L in the mesh for
SL’ and at each level only the elements which touch the point o are

originally refined. Suppose p(z) uniformly equals L. Then

¢g = C(a) h;+2a if E touches o
and
jod 2+2p
&g C(p) hy if E does not touch o.

By the proof of (2.4), there are no more than a constant number of

elements at each level, so

§=§E§E
-L,2+2a L-1 ,,-i,2+p
<oyp @H2e L Y I 7 By

-L
Cl(L) 2 5,

i~

and
L B
LIRS } i=1 P
= p+1
c, L.

If Cl(L) £ AL for some A < 2 as L goes to =, then & is exponmentially

decreasing with respect to W. Babu$ka and Dorr [2] make a similar
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conjecture, and under suitable assumptions, prove that comnvergence is

faster than polynomial.

5.7.3 A line singularity

Suppose u has a line singularity at a line ¢ in @, such that near
6, u has 1l+a derivatives in L2, and u is smooth away from o¢. To fix
ideas, suppose p(z) is uniform, o traverses Q from top to bottom, and
there are elements at levels 1 to L in the mesh for SL , where at each

level the elements which touch the line ¢ are present in SL . Then
~ 242a .,
&g = C(a) by if E touches ¢
and

) - 242p .
gE = C(p) hE if E does not touch o.

There are at least 2L elements with level L touching o, so

£ 2 ¢, (a) 2l (27Ly242e

and

regardless of how p is chosen. Convergence cannot be faster than
polynomial, since the complexity of geometrically approximating o

asymptotically dominates the cost.




CHAPTER 6

Computational aspects

6.1 Introduction

In this chapter, we discuss some of the computational aspects of
the methods presented in Chapters 2-5. Since we have not yet
implemented all the procedures discussed, detailed operation counts are

omitted.

In Section 6.2, we consider the efficient assembly of the finite
element system (cf. Eisenstat and Schultz [18], Weiser, Eisenstat, and
Schultz [31]). In Section 6.3, we investigate the complexity of sparse
direct elimination with nested-dissection—type ordering of the unknowns,
for the three classes of problems discussed in Section 5.7. The
operation counts and storage for the problems with singularities are
linear (optimal-order) in the number of elements. ’In Section 6.4, we

consider the efficient computation of the a posteriori error estimators.
We now outline the computational tasks to be performed.

There are four computational steps to perform for each finite

element space S in the sequence {Si}.

85
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1. Form the linear system A U = f, where
{BI} is the basis for S,
U(z,y) = 2 T UjBJ(x.y),
Ay = g Ay - Ary = eg(BLBp
£0=)g £ £ = (£,B); .

After initializing A and f to zero, for each E,
a., Assemble KE and ?E, the element stiffness matrix and
right hand side for the basis {§I|E}, where {§I} is the

basis which would result if E had no irregular corners.

b. Obtain AE and fE from KE and ?E.'by changing variables

from {BI} to {BI}.
c. Add AP ana £F to A and f.
2. Solve AU = £,
3. For each E, compute |l|e|||E , 'nglllE . IllelllE , or g .

4. Depending on the error indicators computed in Step 3, either

stop, or adaptively choose S ,» and go to Step 1.

i+l
Each integral f£ v(x,y) dx dy is approximated by

G(E) X G(E)
=1 =1 Vs V¢ v(xs.yt). (6.1)
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where (ws,xs) and (wt,yt) are the weights and points for the G(E)-point
Gauss—Legendre integration rules on [xE,xE+hE] and [yE.yE+hE]

respectively. Choices for G(E) are specified in Chapter 7.

6.2 Assembling the linear system

Consider Step l.a (Section 6). For simplicity, suppose
aE(v,w) = (a(x,y) v.w)E R

the bilinear form for a weighted least squares problem, since

considerations for general aE(-,') are almost identical.
Since {BIIE} is a subset of
E, \ E .
{pi(x)pm(y) : i=1,...,kmax , m=1,...,kmax },

sparse versions of the tensor—product assembly procedures in Eisenstat
and Schultz [18] and Weiser, Eisenstat, and Schultz [31] are

appropriate. If

§I pi(x)pm(y),

ﬁ]’ pj(X)Pn(Y) ’

then, depending on whether a(x,y) and f(x,y) are non—separable,

separable, or constant, KE and EE can be computed using the formulae
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(a(x,y) BI’BJ)E =

} ¢ <wtpm(yt)pn(yt)> [ 2 s <wspi(xs)pj(xs)) a(xs.yt) 1,

(ax(x)ay(y) BI’BJ)E =

[2 . <wspi(xs)pj(xs)> ax(xs)] [} ¢ (wtpm(yt)pn(yt)> ay(yt)].
(BB = < (} R NERINERY (} ¢ a7 (7))
(£(x,3) .8y = }  vep (3,00 [ } W (x)) Exy) 1,

(fx(x)fy(y).BI)E =

[ 2 s (wspi(xs)> fx(xs) 11 2 ¢ <wtpm(yt)> fy(yt) 1,

~ ~

(I,BI)E = < (} s wspi(xs)) (§ ¢ wtpm(yt)) >.

The quantities in angle brackets {> can be precomputed independent of E.
The quantities in square brackets [] should be computed as intermediate

sums in each E. Since

<E _ =E _ =E _E _-E
Ay = A mGa T AL Gom T AGum (o T AG.n) (1,m)

»
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only entries in KE with i { j and m { n should be computed explicitly.

Consider Step 1.b (Section 6). For simplicity, we discuss Step 1.b

only for element E in Figure 6-1, when kE is uniform. Other cases are

bhandled analogously.

0-—0-—0-—————0
I |
0—0-—- |
I 1EI |
0-—0-—0-————0
R |
0-—0-—- I
I B |
0-—0-—0-————-0

Figure 6-1: An element with one irregular cormer

The {BI} nonzero in E have the values

pf(x)pg(y) i=1,...,k, i#2 , m=1,...,k,
E f(E)
pz(x)pm (y) m=1l,...,k.
Suppose
f(E) _ \ max(2,m) E
P (y) = L-1 a,L pL(y). (6.2)

Since refinement is regular, the values {vm L} can be precomputed
»

independent of E, and AE and fE can be obtained from the formulae
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A}(Ei,m)(j,n) =!~%1,m)(3,n) i#2, j#2,
2 L 'm,L (1,L)(J n) i=2, j#2,
A m) (o) i#2, j=2,
LE P Va,p | } L 'm,L K?i.L)(j,P) 1 i=2, j=2,
and
fl(gi,,m) = §?i,m) if2,

2 L “m,L (i L) i=2.

The resulting computation is relatively expensive when,kE is small,
When a(x,y) is separable, fewer multiplies are required if Step 1.b is

omitted, and AE and fE are formed directly.

6.3 Solving the linear system

Consider Step 2 (Section 6), solving the linear system AU = £, In
this section, we investigate the complexity of sparse direct elimination
with nested—-dissection—type ordering of the unknowns for the three

classes of problems discussed in discussed in Sectiom 5.7.

6.3.1 A smpoth solution
As in Section 5.7, suppose U is smooth everywhere in . Suppose k
and h are uniform, and there are N := h_z’elements. There are

(k-4) (k-3)/2 element basis functions nonzero in each E, In sparse
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Gaussian elimination, if the element basis functions are ordered first,

their elimination induces no fill-in (i.e., they are statically

~

condensed [28]). This initial elimination requires = N((k-4)(k—3)/2)3/6

N((k—4)(k—3)/2)2/2 storage. Although this cost

]

multiplies and
dominates when k >> N, in solving problems to usual accuracy,
elimination of the element basis functions is relatively inexpensive.
There are = (2k-3)N remaining basis functions (k-2 side basis functions

associated with each distinct element side, and 1 vertex basis function

associated with each distinct vertex).

Consider a nested dissection ordering of the side and vertex basis
functions, in conjunction with sparse elimination of A (e.g., George and

Liu [22]). A sample nested dissection ordering is shown in Figure 6-2.

f5—6—u o~ o0 O o0 8\
LT T 1 Yy t 1 1 N |
o) O (¢} O o100 (¢} o0
byt st 21 1l
[+ o O o1 0 O o o0
18 T R HR T O T (O O IR B O
0—+—0——=0——— 0~ 0~T-—0———0———0——1"0
INT Lt 1 141
AN )
o~t—0—=—0 o0 (] O o—T"0
|>"‘|—|_"‘D|(‘f_'|_f'<|
0—+-0-——0——=0—1" 0~~~ 0~~—0———=0—"0
10 TN Y T I T A - T A B
o0 o——=0 o~1T—0 o o100
(1 O T T T O N A B B
o~T0 o—===0—"1T"0 [} o——=0—1T"0
I\ TAIAL 1 1JI
\g} o (s} o (o) O o o g)

Figure 6-2: Nested dissection ordering with a smooth solution

The unknowns are ordered according to the groups numbered 1-6. Groups
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1-4 correspond to basis functions on uniform submeshes with N/4
elements: in each group the unknowns are recursively ordered using
nested dissection on the submesh. Since group 5 separates the unknowns
in the first four groups, the number of multiplies to eliminate the
unknowns in groups 1-5 is, to dominant—order terms, bounded by M(N),

where
MN) = 4 M(N/4) + ¢ (/23

The rightmost term is a bound on the number of multiplies needed to
densely eliminate the unknowns in group 5. The solution to this
recurrence relation is 0(k3N3/2) (e.g., Rose and Whitten [26], Theorem
1), as is the operation count to eliminate the remaining unknowns in
group 6. Thus, the expected operation count, neglecting static
condensation cost, is O(k3N3/2). Similarly, the expected stofage is

0(k*N1og(k*N)) .

6.3.2 A point singularity

As in Section 5.7, suppose u has an isolated singularity at thg
point 6=(0,0). Suppose there are unrefined elements at levels 1 to L in
the mesh, and at each level only the elements which touch ¢ are present.

‘Suppose k is uwniform.

~

There are N = 3L unrefined elements in the mesh., After static

ne

" condensation, (2k-3)N side and vertex basis functions remain.

Consider a recursive ordering of the side and vertex basis
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functions, in conjunction with sparse elimination of A. A sample

ordering is shown in Figure 6-3.

w

Ca o <'ﬂ
48 |

| | Tl
| | |
| | |
| | |
| 2 |
| | |
\o- ° ° °
i | N | |
| | | |
I 1 | |
(o) o0 o I
I | |
0~0=-0———0 | |
o 0-0 | | |
\0 0=0—=—0———=—-X0 0

Figure 6-3: Recursive ordering with a point singularity
The unknowns are ordered accordfng to the groups numbered 1-3., Group 1
corresponds to basis functions on a submesh with N-3 elements: the
unknowns in group 1 are recursively ordered on the submesh. The number
of multiplies to eliminate the unknowns in groups 1 and 2 is, to

dominant-order terms, bounded by M(N), where

MN) = M(N-3) + C &5,

The rightmost term is a bound on the number of multiplies needed to
densely eliminate the unknowns in group 2. The solution to this
recurrence relation is O(kaN), and the operation count to eliminate the

remaining unknowns in group 3 is 0(k3). Thus, the expected operation
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count, neglecting static condensation cost, is O(ksN). Similarly, the

expected storage is O(kzN).

6.3.3 A line singularity

. As in Section 5.7, suppose u has a line singularity along the line
o = {(0,y)}. Suppose there are unrefined elements at levels 1 to L in
the mesh, where at each level the elements which touch the line ¢ are

present., Suppose k is uniform,

There are N = 3(2L) unrefined elements in the mesh., After static

condensation, = (2k-3)N side and vertex basis functions remain.

Consider a nested-dissection—type ordering of the side and vertex
basis functions, in conjunction with sparse elimination of A. A Eample
ordering is shown in Figure 6-4. The unknowns are ordered according to
the groups numbered 1-4. Groups 1 and 2 correspond to basis functions
on submeshes with (N-2)/2 elements: in each group the unknowns are
recursively ordered on the submesh. Since group 3 separates the
unknowns in the first two groups, the number of multiplies to eliminate
the unknowns in groups 1-3 is, to dominant—order terms, bounded by M(N),

where
M(N) = 2 M(N/2) + C (klogN)°.

The rightmost term is a bound on the number of multiplies needed to
densely eliminate the unknowns in group 3. The solution to this

recurrence relation is O(ksN) (e.g., Rose and Whitten [26]), and the
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Figure 6-4: Nested-dissection—-type ordering with a line singularity
operation count to eliminate the remaining unkmowns in group 4 is
0((klogN)3). Thus, the expected operation count, neglecting static
condensation cost, is O(ksN). Similarly, the expected‘storage is

0(k2N) .

6.3.4 Discussion

The opération counts and storage for the problems with
singularities are optimal-order in the number of elements N. Ve expect
similar operation counts for more general problems with point or line
singularities. The optimality for the line singularity problem depends
on the fact that we can systematically find sets of O(N;ls_a) elements
(e > 0) which separate the remaining elements into two or more disjoint

sets of equal size.
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We do not know an efficient (i.e., O(N)), automatic, way of finding
"orderings such as those presented. See George and Liu [22], Sections

7.2 and 8.2, for work in this direction.

In the example problems, the orderings of the interior unknowns
correspond to the reverse of the order in which the edges associated
with the unknowns are created. This correspondence does not always

hold. (For example, suppose u has a point singularity at (1/2,0).)

6.4 Computing the error indicators
Consider Step 3 (Section 6), the computation of the error

indicators |||;|||E s |L|§|1|E ’ lllglllE » OT Ep . Recall
Fp(v) := (f,j)E + ([a&U/&n].v)aE - ag(0,v).

First, suppose E has no irregular corners. Then the possible quantities
to be computed in Step 3 are
1. {aE(BI’BJ)}’ where {BI} is the basis for SE which would
result if E had no irregular corners. These quantities can

be computed as in Step 1l.a.

2. {(f,By

)E : BI in SE—SE}. These quantities can be computed

as in Step 1l.a.

3. {aE(U,ﬁl) : B in §ETSE}' First, convert the representation

I

Ux,yp g = } 5 Uy By(x,y)
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into the form

U(x,y)IE = 2 5 Uj BI(x,y).

For example, for element E in Fignre 6-1, when k is uniform,

if
Uy g = } i#2 Em Ui,m Pl:(x) P:(y) *
} m U(2,m) pf(x) éi(E)(y),
then
Uim =< Yam pi#t2,
) LL_(m) “Lom O(i,L) ¢ P72
where
Lim) =<m , m#2,
1 , m=2,
Other cases are handled analogously.
Then, for |||;|||E , compute {aE(U,ﬁl)} with a matrix-vector

multiply. For lllglllE or lllglllE , compute {U(xs,yt)} by

the formula

U(xs'yt) = } m Pm(yt) [ } i pi(xs) U(i,m) 1,

(6.3)




98
and then use the formula
(a(x,y) U’BJ')E = } ¢ (wtpn(yt)>

[), o, (x)> [ Ulx_,y)alx,y,) 1 1.

4. {<[200/321,B.>..}. Ina preprocessing step, compute and

I"3E
store the coefficients of the one-dimensional polynomials
aﬂlanls on each element side. Then, for exzample, on the left
side of element E, compute {aaU/an(x;,yt)lE} and
{aaUlan(xg.yt)lE,], where element E°, if it exists, shares

part of the left side of E. Form

<[aaU/8n].BI>aE(left) =

+
2 ¢ <wtpm(yt)/2>[aaU/an(xE.yt)|E - aGU/an(xE.yt)lE,]

for each §I = pl(x)pm(y). Other cases are handled

*
analogously.

5. 1ZIH2 , 1llell12 ) or 11151112 . Suppose the system for

*
The storage required can be reduced by intermixing the preprocessing

step with error indicator computation.
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the coefficients of ZE is A v = £, Compute a lower
triangular matrix L such that L LT = A, and solve L y = £,
(For g and g » L is independent of hE .) Then compute

vy = g2 .

6. ||ffLUI|§ » for g, . First compute {U(xs.yt)} as in (6.3),

E

and then compute

2 ~ _ 2
I'f LUIIE = 2 s,t (a(xs:yt)u(xssyt) f(xs;yt)) .

7. I[aaﬂlan]—aaUlanlgE , for & Preprocess an?anls as in the

=E *

computation of {([aaU/an].BI)aE}. Then, for example, on the

left side of E, compute

2 ~

l[aaU/an]-aaU/anlaE(left) =

+ - 12
2t.<wt/4> (a90/dn(x,y,) |5 + 230/0n(xp.y,) 1,502

Now suppose E has an irregular corner. For simplicity, we only
consider element E in Figure 6-1, when k and k > k are uniform.‘ Other

cases are handled analogously. Suppose

max(2,m) f(E)

E -
(7 = ) p ¥o,p Pp (9.

Since refinement is regular, the values {wm P} can be precomputed
»

independent of E, and the right hand side components have values

~

(B

f(i,m) = FE (i,m))
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when B(i,m) is in SE—SE and i # 2, and
fiim = } p=k+1 "m,p | §L=1 vp,1 Fg(B(si,1)) !

when k ( m £ k and i = 2. The rest of the computations are unchanged.



CHAPTER 7

Numerical results

7.1 Introduction

In this chapter, we present numerical results obtained using
prototyﬁé codes written in FORTRAN, which implement some of the methods
discussed in Chapters 2 — 5, The problem set, containing one problem
from each of the three classes considered in Section 5.7, is specified
. in Section 7.2. In Section 7.3; we. ptesent the error behavior, which is
in fair accord with Section 5.7. In Section 7.4, we present the error
estimator behavior: the error estimators are usually accurate to within
a factor of two. In some cases, some of the estimators appear to
converge to the norm of the true error. Imn Section 7.5, we present more

numerical evidence of error estimator comvergence.

7.2 The problem set
Prototype codes were written in FORTRAN, implementing some of the
methods discussed in Chapters 2 — 5. Numerical tests were conducted to

investigate the behavior of the methods.

The test problem set consisted of three Poisson problems with

101
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Dirichlet boundary conditioms,
- Din - Diu = f(x,y) in the interior of 2,
u(x,y) = g(x,y) on 39,

with solutions specified in Table 7-1.

Il Problem || Solution class || Solution Il
1] I ] I
| I 1| 1]
I 1 Il smooth I w(z,y) = cos (eX+xy) I
1 I 1] 1]
1] I M 1
1 N 1 1/2 1
I 2 Il point Il wiz,y) =« sin(0/2) , 1
1] 1] 1] 1
1 Il singularity Il x=1r cos(8) , y=r sin(0) I
1 i 1] I
] I | I
1] il 1 1]
Il 3 Il 1ine Il u(z,y) =< © t < -1/2 1]
I I 1 : 1]
I Il singularity B sin(nt) =1/2 <t < 1/2 ||
1 I 1 I
I 1 1] i 1/2 ¢t , 1|
I ::
t = 5x-y-1
1 | 1 |

Table 7-1: Test problems

The solution to Problem 1 is in Hk(ﬁ) for all k. The solution to
Problem 2 is the fundamental eigenfunction for a érack problem with
interio¥ angle 2nt; this function is in HS/z—s(ﬂ) for any ¢ > 0, but not
in HS/Z(Q). The solution to Problem 3 is a smeared shock wave with

shock-width 1/5 in x; this functiom is in HZ(Q), but not in Hz+e(0) for
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any ¢ > 0.

Ve tested the seven refinement methods specified in Table 7-2. All
adaptive sequences of finite element spaces started out with 2X2 meshes.

The adaptive sequences for methods + and X started out with kE =2,

Il Method || ] 1
1 —11 °E I ’E M
Il v Il uwniform (1/2,...,1/32) |l =2 I
1 I I I
:} K ’; =1/2 %{ adaptive (Section 5.4) }‘
I 2 Il adaptive (Section 5.3) |l =2 I
I 1] 1 H
Il 3 || adaptive (Section 5.3) || =3 1]
1l I I
I 4 Il adaptive (Section 5.3) |l =4 I
1 H 1 1]
;: + }: adaptive {l adaptive (Section 5.6) {{
:: X }: adaptive {: adaptive (Section 5.4) ==

Table 7-2: Refinement methods

We used three heuristic refinement procedures, based on the

formulae in Chapter 5. In the "true error” procedure, we set

35

|||e|||2 . In the "approximate error” procedure, we set
E

§E |l|§|l|é , with s composed of piecewise polynomials one order

higher than S. In the "residuals and jumps"” procedure, we set §. = ¢
E

..-.E'
For simplicity, we set kggg = 11/2. To avoid ill-conditioned linear

systems, we restricted kE £ 7. Our tests were run in single precision

on a DEC-System 2060 computer.
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G(E)-point Gauss—-Legendre quadrature rules (6.1) were used to

approximate integrals in each element E. In the original assémbly

phase, G(E) kmaxE , where

kmaxE : max{kE, : E* is in N(BE)}.

In the error indicator phase, G(E) = kmaxE+1. In the evaluation of
|||e|||E, G(E) = kmaxE+3. With these values, for problems with smooth
solutions, the errors due to numerical quadrature are asymptotically

negligible (e.g., Ciarlet [17], Section 4.1).

7.3 Error behavior

In this section, the resulting errors for the adaptive sequences of
finite element spaces are depicted on loglo—log10 scales. The .
x-coordinate of gach data point i$ the number of nonzeroes in the
stiffness matrix', and the y—-coordinate is Illelll. Since the true work
generally grows faster in k than the number of nonzeroes, the measure of

work is biased in favor of high—order methods.

Figure 7-1 presents the errors due to applying the “true error”

*
Our prototype codes should be made more efficient before computer

time is used as the measure of work.
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procedure to Problem 1. Since u(x,y) is smooth, nonuniform mesh
refinement does not improve the asymptotic convergence rate. The slopes
of the lines correspond to O(hk_l) error and O(h_2k4) work. Since k
increases for methods K, +, and X, these methods achieve faster than
polynomial convergence. Methods + and X perform some initial mesh
rfinement (see Figure 7-2, with kE labelled in each element), so they

are somewhat less efficient than method K.

Figures 7-3 and 7-4 present the errors due to applying the
"approximate error” and "residuals and jumps” procedures to Problem 1.

The errors are similar to the ones shown in Figure 7-1.

Figure 7-5 presents the errors due to applying the "true error”
procedure to Problem 2. The slope of the line for method U corresponds

to an O(hllz

) convergence rate and an 0(3-2) work count, Method K has
almost the same line, with slope corresponding to an O(k-l) convergence

*
rate and an 0(k4) work count. The slopes of the lines for methods 2, 3,

*
With the work count proportional to the number of unknowns, method K
would appear twice as efficient as method U (see [11]). With a more

realistic work count, method K would asymptotically be the least

efficient method considered.
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and 4 are the same as the slopes for the same methods in Figure 7-1.
Local mesh refinement, in effect, transforms variables so the problem
looks like it has a smooth solution on a uniform mesh. Methods + and X
are fairly efficient in all cases, refining the mesh near the
singularity, and refining the order where the solution is smooth (see

Figure 7-6).

Figures 7-7 and 7-8 present the errors due to applying the
"approximate error” and "residuals and jumps"” procedures to Problem 2.

The errors are similar to the omes shown in Figure 7-5.

Figure 7-9 presents the errors due to applying the "true error”
procedure to Problem 3. The slope of the line for method U corresponds
to an O(h) convergence rate and an O(h—z) work count. The line for
method K appears to level out, reflecting an 0(k4) work count and slow
convergence in k. The slope of the line for method 2 reflects an

1/

improving (< N 2) convergence rate and an O(N) work count, where N is
the number of elements. At the modest accuracies required, the mesh is
refined not only along the line singularities at the edges of the
boundary layer, but in the boundary layer as well (see Figure 7-10). Ve
expect the slope of the line for method 2 to approach -1 asymptotically,
reflecting an O(N-I) convergence rate. The slopes of the lines for
methods 3, 4, +, and X reflect convergence rates tending toward o<nF1).

Figure 7-11 depicts a sample grid for method +. Note that the shape of

the boundary layer camnnot be discermed from the grid.
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Figures 7-12 and 7-13 present the errors due to applying the
"approximate error” and "residuals and jumps” procedures to Problem 3.

The errors are similar to the omes shown in Figure 7-9.

In this test, methods + and X appear to be the most robust, since
they are fairly efficient for all three problems, regardless of whether
the errors are large or small. Each of the other methods dqes poorly
for some problems in some cases. Table 7-3 summarizes the observed

efficiency a, where

Illelll = (the number of nonzeroes) .

Il Method || Problem1 || Problem 2 || Problem 3 |l
1] I 1] I 1
I v 1] 1/2 1 1/4 1 < 1/2 H
I 1 , 1 - 1
Il x I 12 |l 1/4 I = 1/2 1]
I 1 | 1] ]
i 2 I 1/2 1| 1/2 I > 1/2 |
I ] M H—— 1
[ I 1 I 1 I = 1 i
I 1 ] H— 1]
I | 3/2 N 3/2 I = 1 1]
| I | [ ]
i+ I /2 Il &n/2 1l = 1 ]
1| 1| 1 He— I
I x Il 172 Il /2 |l = 1 1|
I I I ] I

Table 7-3: Efficiency summary

7.4 Error estimator behavior
Figures 7-14 — 7-19 depict the relative errors ; and p in the error

estimators for the tests run using the "approximate error” and .
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"residuals and jumps" procedures respectively.

In the "approximate error” procedure, the error is usually

estimated within a factor of two (-.5 p £ 1), and always

-.7<p £1.6,

p appears to converge to zero in methods U and 2 for Problem 1, and in
methods 2 and 3 for Problem 2 (see Section 7.5). For Problem 1, p
varies somewhat erratically in methods + and X, especially when kE is

large. This may be partly due to ill-conditioning.

In the "residuals and jumps” procedure, the error is always

estimated within a factor of two. In particular, in method 3,

-.25 { p £ .20,

and p appears to converge to zero. In methods + and X, p varies more
smoothly than p. Thus, in this test, the "residuals and jumps”
procedure appears to be slightly more robust than the "approximate

error” procedure.

7.5 Error estimator convergence

As further evidence of apparent error estimator convergence, we now
present the behavior of the four error estimators |llzlll, lllglll.
|L|g|l|, and g, with relative errors_;, B p, and p respectively, for a
sample variable—coefficient problem with a smooth solution. Xk and

h = 1/n are uniform. S contains piecewise polynomials ome order higher -
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than S, We have observed similar error estimator behavior for other

problems with smooth solutioms.

Table 7-4 depicts the relative errors in the error estimators for

the Dirichlet problem
- Xy - Xy =
D_(e™D_u) Dy(e Dyu) + u/(l+x+y) = f(x,y)
in the interior of @,

u(x,y) = 0 on 39,

xy

where f(x,y) is chosen so that u(x,y) = e¢”’ sin(nx) sin(ny).

In Table 7-4, the error estimators are always within a factor of
two of lllelll. Nome of the error estimators converge td IHelll with x
increasing and h fixed, but some appear to converge with h decreasing
and k fixed. |||;||| and lllglll appear to converge when k < 4.
lllglll appears to converge when k < 4, but does not converge when
k = 4. The convergence rates are not clear. When k = 2 or 3, € behaves

like a constant times |llelll.
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Figure 7-1: Problem 1 - true error
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Figure 7-2: Sample grid for problem 1 (method +, residuals and jumps)
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Figure 7-3: Problem 1 — approximate error
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Figure 7-4: Problem 1 - residuals and jumps
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Figure 7-5: Problem 2 - true error
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Figure 7-6: Sample grid for problem 2 (method +, residuals and jumps)
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Figure 7-7: Problem 2 - approximate error
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Figure 7-8: Problem 2 — residuals and jumps
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Figure 7-9: Problem 3 - true error
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Figure 7-10: Sample grid for problem 3 (method 2, residuals and jumps)
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Figure 7-11: Sample grid for problem 3 (method +, residuals and jumps)
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Figure 7-12: Problem 3 - approximate error
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Figure 7-13: Problem 3 - residuals and jumps
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Figure 7-14: Problem 1 - approximate error
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Figure 7-15: Problem 1 - residuals and jumps
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Figure 7-16: Problem 2 - approximate error
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Figure 7-17: Problem 2 - residuals and jumps
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Figure 7-18: Problem 3 - approximate error
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Figure 7-19: Probiem 3 - residuals and jumps
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